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ON A THREE-DIMENSIONAL SYSTEM OF DIFFERENCE
EQUATIONS WITH VARIABLE COEFFICIENTS'

MERVE KARA*, YASIN YAZLIK, NOURESSADAT TOUAFEK, YOUSSOUF AKROUR

ABSTRACT. Consider the three-dimensional system of difference equations

k
szo Zn—3j

Tntl = — K ’
Hj:l Tn—(35-1) (an +bn Hj:o Zn73j>
k
Hj:o Tn—3j
Yn+1 = & E )
Hj:l Yn—(35-1) (Cn +dn Hj:o In73j>
15— vn—3;
Zn41 = Jo T , n € No,

H?:l Zn—(3j—1) <6n + fn H?:o yn73j>
where k € No, the sequences (an),en,, (bn)neny: (n)neng: (dn)nenys
(en)neNU, (fn)neNo and the initial values _3k, T_3k+1, .- .5 L0, Y—3k,
Y—_3kt1s -+ Y0, Z—3k, Z—3k+1, -- -, 20 are real numbers.

In this work, we give explicit formulas for the well defined solutions
of the above system. Also, the forbidden set of solution of the system is
found. For the constant case, a result on the existence of periodic solutions
is provided and the asymptotic behavior of the solutions is investigated in
detail.
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Key words and phrases : Three-dimensional systems of difference equa-
tions, explicit formulas, periodicity, asymptotic behavior.

1. Introduction

First, remind that N, Ny, Z, R, C, stand for natural, non-negative integer,
integer, real and complex numbers, respectively. If m,n € Z, m < n the notation
i =m,n stands for {i € Z:m < i < n}.
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In this paper, we consider the following three-dimensional system,

k
[T;—02n-3;
Tnt1 k k ’
H_j:l Tn—(3j—1) (an + by, Hj:O Zn73j>
k
szo Ln—3j
Yn+1 & k )
Hj:l Yn—(3j-1) (Cn +d, Hj:O $n73j)
k
[Li—o yn—3;
Zn+1 ! , n e No, (1)

k k
Hj:1 Zn—(3j—1) (en + fn Hj:() yn—3j)

where k € No the sequences (an),cn,s (0n)nengs (€n)nenys (@n)nengs (€n)neny s
(fn)nen, are real and the initial values &3k, T_3k+1, -+, T0, Y—3ks Y—3k+15 - - -
Y0, Z—3ky Z—3k+1, - - -5 20 are real numbers.

Difference equations emerge from the study of the evolution of naturally oc-
curring events. The theory of difference equations systems and difference equa-
tions greatly improved until today. Recently, there has been great interest in
studying difference equations systems. Because difference equations and their
systems are used to describes real discrete models in various branches of modern
sciences such as biology, economics, physics, engineering genetics, psychology,
control theory. In addition, the applications of difference equations systems are
rapidly increasing to aforementioned fields. There is no doubt that the theory
of difference equations will proceed to play an important role in mathematics.
Especially, non-linear difference equations and their systems play an important
role in applications. These difference equations and their systems often arise as
mathematical model of a problem. In such a case, solutions of the model is ex-
amined by means of mathematical methods. Therefore, the non-linear difference
equations are a rich area of study in mathematics. Consequently, studying the
solutions of difference equations and its qualitative behaviors have become focus
topics for research. The main problem of theory of difference equations is to
state behaviour of the solutions of difference equations. There are some meth-
ods of doing this. The most basic and classical of these methods is undoubtedly
to find a closed formula for the solutions of equations. By doing so, one can
acquire more concrete results. Most non-linear difference equations and systems
of difference equations cannot be solved. However, by the help of appropriate
transformations, some types can be transformed into linear difference equations
or their systems which can be generally solved in closed form.

Solving non-linear difference equations and their systems is a very hot top-
ics that continue to attract the attention of a wide range of researchers, we can
consult the following papers [1,2,11,13-17,19-22,26,28,29] to see several models
of difference equations and systems that are solved in closed form, but also to
understand procedures used in solving such equations and systems.

Many authors solved or investigated global behavior of the case k = 0 in system
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(1), which is a two-dimensional system in [3-5,27]. Also the global asymptotic
behavior of solutions of difference equations or two and three dimensional sys-
tems where investigated in several studies, see for example [6,7,12,18,23-25].
In [10], El-Metwally et al., obtained the solutions of the following fourth order
difference equation
LTnTn—3
Tp—o (1l £ zpzy_3)’

In [9] and as extension of the work in [10], the authors solve the two-dimensional
system of difference equations
LnlYn—3 _ YnTn-3

Yo (EL £ 2yn—s) " T 2o (1 £ yutns)
Clearly equation (2) is a particular case of the one dimensional version of our
system (1) for k = 1.

In an earlier paper, Haddad et al., in [14], deal with the following system of
difference equations

Tpt1 = ne NOa (2)

Tp4l = n €Ny, (3)

k
Hj:O Yn—2j
Tnt1 = % % ’
[T=1 2n—(2i-1) (an +bn [0 yn—2j>
k
H»':o Ln—2j
Yn+1 . , n € Np. (4)

k k
Hj:] Yn—(25-1) (an + Bn Hj:O xnf2j)

The authors showed that the system (4) is solvable in closed form and presented
formulas for the solution.

Motivated by all of these results, we solve the system (1) in explicit form
and we describe the forbidden set for the initial values. For the coefficients are
constant case we show existence of periodic solutions and we investigate the
asymptotic behavior of well-defined solutions.

To solve system (1), we will use a change of variable to transform our system to
some first order linear systems. For this purpose we will use the following very
well known result, see for example [8].

Lemma 1.1. Consider the linear difference equation
Yn+1 = AnYn + by, n € Np.
Then,
n—1 n—1 n—1
- (Ha@)wz ( I ) b
=0 r=0 \i=r+1
Moreover if a,, and b, are constants, that is a, = a and b, = b, then

_ anZ/O + a;:llba ne N07 a 7é 1,
" Yo + bn, n € Ny, a=1,

where as usual, H;n:z a; =1 and Z;n:z B; =0, for all m < i.



384 Merve Kara, Yasin Yazlik, Nouressadat Touafek, Youssouf Akrour

2. Form of the solutions of system (1)

In the following, we obtain the form of the solutions of the system (1). Firstly,
we recall that we mean by a well defined solution of the system (1), a solution
which satisfies:

k k
H Trn—(3j—1) | an +bn H Zn—3j | #0, n € Ny,
j=1 j=0
k k
H Yn—3j—1) | cn +dn H Tn—3; | #0,n € Ny,
j=1 j=0
and
k k
H Zn—(3j—1) €n + fn H Yn—3j 7é O, n e No.
j=1 j=0
Putting
1 1 1
Up =, Up =, Wp = ———, n€Ny, (5
[lj=0®n-3 [l=o¥n—s; [Tj—0 2n-s

then system (1) becomes
Up41 = AWy + bna Up41 = Cply + dna Wpt1 = €pUn + fn; n € Ny. (6)

From (6) we get

Upt3 = Qn12€n41CnUn + Ani2€ni1dn + any2fny1 +bny2, n€Ng,  (7)
Un+3 = Cn420n41€nUn + Cn+2an+1fn + Cn+2bn+1 + dn+2a nec N07 (8)
Wp43 = €n42Cn4+10nWy + 6n+28n+1bn + 6n+2dn+1 + fn+2a n € Ny. (9)

If we apply the decomposition of indices n — 3n+j for n € Ny and j € {0, 1, 2},
to equations in (7)-(9), for n € Ny they become

U3(nt1)+j = 3n+j+2€3n+5+1C3n+5Usn+j + A3ntj+2€3n+j+1d3n+;

+  a3ntji2f3ntjt1 + 03442, (10)
V3(n+1)+j = C3n+j+2@3n+;j+1€3n+;V3n+; + C3n+j+2a3n+j+1f3n+j

+  Cantj+203nti+1 + danyjv2, (11)
W3(n+1)+5 = €3n+5j+2C3n+5+133n+;W3n+j + €3n+j+203n+j+1b3n+j

+  e3ntj+2d3ntjr1 + fantjito- (12)

Let ug) = Ugn+js vr(Lj) = U3ntj, wﬁtj) = w3p+j for n € Ny and j € {0,1,2} and

<

AY) = a3n442€304541C3n4 45
(

BY) = asniji2esntit1dants + asntirofantit1 + bansjro, (13)

<
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C3n+5j4+203n4+54+1€3n+75,

C3n+j+203n+j+1f3n+5 + C3ntj+203n45+1 + d3ntjy2,

€3n+j4+2C3n+j+143n+7,

€3n+j+2C3n+j+103n+5 + €3ntjr2dantjt1 + fantjto-

Then equations in (10)-(12) can be written as the following

for j € {0,1,2}.

ul) 1_A +BY, n e Ny,
W) =l +D<J>, n € Ny,
wgz-&)-l - E(J) ( i) +F7(LJ)7 n € No,

From (16)-(18) and Lemma 1.1, we have

n—1 n—1
W) — HA(]) W&+ S| I aY ) B,
1=j1+1

Jj1=0 Jj1=0

n—1 n—1 n—1
= (Tew )+ S (T ) oy
i=j1+1

Jj1=0 j1=0

n—1 n—1
wi) = HE(J) o+ I EY | ED

J1=0 J1=0 \t=j1+1

for n € No, j € {0,1,2}. Then, from (13)-(15) we obtain

Usn+j =
_|_
X
U3n+j =
+
X

T (asjissraesussivicas) | w

n—1 n—1

Yo T (asivsvoesivsvicsivy)

J1=0 \i=j1+1

(a3 +j+2€351++1d35+5 + a3j,+j+2 35 +j+1 + b3ji+j+2)

n—1

1 (esjussraassviresiivs) | vs
j1=0

n—1 n—1

E H (C3i+j+203i4j+1€3i+;)

J1=0 \i=j1+1

(351 +5+20351+5+1f3j1+5 t C3jr+i+2035+5+1 + dsji+5+2) 5

385
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(23)
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n—1

waniy = | IT (esjivsrocsiivirrasieg) | w;
Jj1=0

n—1

n—1
+ E H (€3i4j+2C3i4j+103i+5)

J1=0 \i=j1+1
X (€3j1+j+2C3j1+j+103j1+5 T €3ju+j+2d3j,+j+1 T faji+i+2) - (24)

When the coefficients are constants i.e., a, = a, b, = b, ¢, = ¢, d, = d,
e, = e and f, = f, formulae (22)-(24) becomes

n_ 1—(aec)™ d b 1
UBn+4j = (aee)"u; + oo (aed +af +b), acc# 1, n € No, (25)
uj + (aed + af + b)n, aec =1,
n 1—(cae)™
cae) v; + caf +cb+d), cae#1,
Vanij = ( ) J 1—cae ( f ) 7& n e NO7 (26)
vj + (caf + cb+d)n, cae =1,
n 1_( " )"L
vy L S ) i
w; + (ecb +ed + f)n, eca =1,
for j € {0,1,2}. From (5), we get
U,
Tt = - Tngk; 1 € No, (28)
Up,
Yn+3 = Yn—3k, 7 € No, (29)
Un+3
wy,
Znt3 = Wnra Zn—3k, N € N(). (30)
from which it follows that
- UBk+3)s+i—3 . 5o %
T (3had i = Ti(3prg) | | —or3)s =8 33 15, (31
(3k+3)n+ (3k+3) 51;[0 Uskrs)srs )
- V(3k+3)s+i—3 . 5=
Y(3k+3)n+i = Yi—(3k+3 ———,1=3,3k+5, (32)
( ) ( ) 51;[() V(3k+3)s+i
N W(sk43)spi-3 . =
Z(3k+3)n+i = Ri—(3k+3) H ﬁ, 1=3,3k+5, (33)

oo W(Bk+3)s+i

for n € Np.
Since the integer ¢ can be written in the form 3m+j, j € {0,1, 2}, then formulas
in (31)-(33) becomes as follows

T US((k41)stm—1)+
T (3k+3)n+3m+j :wg(m—k—1)+jH ((ktDetm—1) ! n e Ny, (34)

=0 WB((k+1)s+m)+j
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- V3((k+1)s+m—1)+j
Y(3k+3)n+3m+j = Y3(m—k—1)+j , n € No, (35)
ey T Ak 1;[0 U3((k+1)sbm) 45

)s+m—1)+j

= W3((k+1
Z(3k+3)n+3m—+j — 23(m—k—1)+j H « , n € Ny, (36)

=0 W3((k+1)s+m)+j
where m =1,k + 1.
For the constant case and using (25)-(27) in (34)-(36), for m = 1,k +1, j €
{0,1,2}, n € Ny, we get

T (3k+3)n+3m—+j — x3(m—k—1)+_j
T (aed +af +b) ZjTj—3...Tj—3k + (aec)(’ﬁl)”m_1 M,y

. (37)
o (aed+af+b)xjrj_3...Tj 35+ (aec)FFV=F™
Y(3k+3)n+3m+j = Y3(m—k—1)+j
" ﬁ (caf +cb+d) y;y;—3 . .. y;—3k + (cae) FTTTIN (38)
oo (caf +cb+d)yjyj—s...yj—sk + (cae) Vst Ny
2(3k+3)n+3m+j — 23(m—k—1)+j
" ﬁ (ecb+ed+ f)zjzj—3...2j_3k + (eca)(k"rl)s's_m_1 Ry (39)
o (ecb+ed+ f)zzj_s. .. 2j_sp + (eca) FTVTM Ry
where
M, =(1—aec— (aed+af +b)xjzj_3...T;-31),
Ny = (1 —cae — (caf +cb+d)y;jyj—3...Yj—3k),
Ri=(1—eca—(ecb+ed+ f)zjzj—3...2j_3k), if eca # 1, and
n
My(k+1)s+m—1)+1
G s = P . 40
$(3k+3)n+3m+g Z‘S(m k—1)+j s];[o MQ ((k T 1) s+ m) +1 ) ( )
LNy (B+1)s+m—1)+1
, a1 41
Y(3k+3)n+3m+j = Y3(m—k—1)+j 51;[() No((k+1)s+m)+1 ) (41)
SRy ((k4+1)s+m—1)+1
2(3k+3)n+3m+j = 23(m—k—1)+j H (42)

s Ra((B+1)s+m)+1 7
where My = zjz;_5...xj 3k (aed + af +b), No = y;y;j—3...yj—s3k (caf + cb+ d),
Ry =zjzj_3...2zj_3i (ecb+ ed + f), if eca = 1.

In summary, the solutions of the system (1) with variable coefficients are given
by formulas (34)-(36), where the sequences (un),,cn, > (Vn),en, and (Wn), ey, are
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defined by formulas (22)-(24). However, for the constant case formulas (37)-(42)
describes explicitly the form of the solutions.

In the following result we describe the set of initial values for which the
solutions are not defined.

Theorem 2.1. Assume that a, # 0, b, #0, ¢, #0, d, #0, e, #0, fn, # 0,
n € No. Then the forbidden set of the initial values for system (1) is the union
of the two sets

{Y:x,j:O ory_; =0 orz,jzo,jZO,Sk}

and

k 1 k 1 k 1
U { H Zp—3j = — or H Tp_3j = ——oOT H Yn—3j = —, where
Qm j=0 Bm j=0 Ym

meNg  j=0
m
o . Z (f3j+i71 +e3jri—1d3jti—2 + 53j+i7103j+i—2b3j+i73)
= —
= €3j4i—1C3j4i—203j4i—3
j—1 1
< T m
i0 €8l+i—1C314+i—20314+i—3
m
5 . Z (b3j+i71 +asjyi—1f3jri—2 + a3j+z‘71€3j+i—2d3j+i—3)
=
= A3j45—1€3j4i—2C3j4i—3
j—1
1
X # 0,
i0 @314+i—1€314i—2C31+i—3
m
- . (d3j+i71 + c3j4i—1b3j4i—2 + 03j+i71a3j+i72f3j+i73)
o= —
= C3j44—10354+i—2€3j+i—3
j—1
1
x # o}A (43)

j—o C3l+i—1031+i—2€31+i-3

Proof. Let (Zn,Yn, 2n),>_s, De a solution of system (1). If z_; =0ory_; =0

or z_; = 0 for some j = 0,3k, then z,, yn, 2, can not be calculated. For

example, Suppose that z_; = 0 for some j = 0, 3k. We have the following cases:
(a) 7 €{0,3,...,3k}, in this case we get
202_3---Z_3k
T_9...T_3k+1 (o + bo202_3...2_3k)

xr1 =

clearly 7 will be not defined if x_s...x_3511 (ap + bpzo2—3...2-3,) = 0
or x1 = 0. If zy =0, then
Z320.--2—3k+3
T1...0_3k44 ((lg + nggZo...Z_3k+3)
will be not defined (division by x; = 0).
(b) 7 €{2,5,...,3k — 1}, in this case we get
Z12—-2...2-3k+1
LT_1...T_3k+2 (a1 + b1212’_2...2_3k+1)7

Ty =

T2 =
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clearly xo will be not defined if z_1...x_3x49 (a1 + b1212_2...2_35+1) =0
or xo = 0. If zo = 0, then
2421--2-3k+4
Z2...L_3k+5 (CL4 + b4Z4Zl...Z,3k+4)
will be not defined (division by xo = 0).
(¢) 7 €{1,4,...,3k — 2}, in this case we get
RoZ_1.--R—3k+2
g...-L—-3k+3 ((IQ + bQZQZfl...ngkJrQ)’

Is =

Tr3 =

clearly x3 will be not defined if ...z 3543 (a2 + bazez_1...2_3542) =0
or 3 = 0. If x3 = 0, then

Z5R2...Z—3k+5
T3...L_3k+6 (a5 + b52522...273k+5)

will be not defined (division by x3 = 0).

Teg —

So, we incorporate the set
{Xio =00y ;=0 00z =0, j =03k

in the forbidden set. Now, we suppose that x, # 0, y, # 0 and z, # O.
The solution (25, Yn,2n),>_z;, of system (1) is not defined if and only if a, +

by, HJ 02n—3j =0or ¢, +d, HJ 0 &n— 3J—Ooren+fnl_[] 0 Un—3; = 0 that is,
by 1 _ _dn _ fn

—_t =g L g 1 In o forsomeneN

]._[f 0 #n—3j an ‘I; 0Tn—3j Cn ]._.[k 0Yn—3j5 0

are satisfied(Here we counsider that a, # 0, ¢, ;é 0 and e, 7é 0 for every n €

N From this and the substitution u,, = =+——, v, = =——, W, =
O) " H_’;,O Tnog;’ " H_’;,O Yn-3;’
—— we get
[Th_ozn—s;’ &
d3m+i f3m+i b3m+i
U3m+i = — y U3m+i — — y Wkm+s = — (44)
C3m—+i €3m+1 aA3m—+i

for some m € Ny and ¢ € {0,1,2}. Hence, we can determine the forbidden set of

the initial values for system (1) by using the substitution u, = ——1——, v, =

j=0Tn—3j

m, Wy, = m Now, we consider the functions
fam+i () = azmyit + b3mi,
ham+i (t) = csmpit + dsm—i,
3m+yi () = e3myit + famai, (45)

for m € Ny, i € {0,1,2}, which correspond to the equations of (6). From (44)
and (45), we can write

U3mti = [3mti—1 0 93m+i—2 © P3(m—1)4i- - © fic10gi—20hi—3(u;—3), (46)

V3m+i = R3mti—1 0 fam+4i—2 0 g3(m—1)+i -9 hi—10 fim20gi—3 (vi—3), (47)
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W3mti = G3mti—1© P3mti—2© fa(m—1)4i- " ©gi—10hi—g0 fi_3(wi—3), (48)
where m € Ny, and 7 € {3,4,5}. By using (44) and implicit forms (46)-(48) and
considering

- b‘nL i - d‘WL (3 - 3m+1
f3771l+i (0) = — o hST}L—‘ri (0) = _chLv 9377114_1' (0) = —foms , for m € Ny and

! azm4i’ e3m4i
i €{3,4,5}, we have
T R | —1 —1 —1 —1
Ui—3 =h; 309, 50 f 0.0 h3(m_1)+i © I3m+i—2 © famti—1(0), (49)
_ 1 -1 1 —1 1
Vi3 =g; 30 fi_g0h; ;00 93(m—1)+i °© famyiz2©hgmyio1(0), (50)
el -1 -1 —1 1 —1
wi—3 = fi_zoh; 509,300 f30 1)1 °Pgmii2© G3myi1 (0),  (51)
-1 _ t=bzmyi —1 _ t—dazm+i -1 _ t—famyi
where f3m+i (t) T aszm+i h’3m+i (t) T Cc3mai g3m+i (t) T esmti m e NO’
i € {3,4,5}. From (49)-(51), we obtain
m
" _ Z <b3j+i1 +agjri-1f3j4i—2 + a3j+i163j+i2d3j+i3)
i-3 = -
= a3 4+i—1€35+i—2C3j+i—3
j—1 1
X
(=g @31+i—1€31+i—2C31+i-3
m
" _ Z <d3j+i1 + c3j4i—1b3j4i—2 + CSj+i1a3j+i2f3j+i3>
i3 = —
= C3j+i—103j+i—2€3j+i—3
j—1 1
X
—0 C314i—1A314+i—2€31+i—3
m
w _ (ijJril + e3j4i—1d3j4i—2 + €3j+i103j+i2b3j+i3>
i—3 = -
i €3j4+i—1C3j+i—203j+i—3
j—1 1
X
=0 €314+i—1C314+i—20a3]+i—3

for some m € Ny and i € {3,4,5}. This means that if one of the conditions in
(49)-(51) holds, then m-th iteration or (m + 1)-th iteration in system (1) can
not be calculated.

O

In the the following result, we show the existence of 3k + 3 periodic solutions
for the system (1) with constant coefficients.

Theorem 2.2. Assume that (aed + af +b) xox_5...x_3, = (caf + cb+ d) yoy—s..

= (ecb+ed + f) 202—3...2_3, = 1 — aec and
(1 —aec) (aed+ af +b) (caf +cb+d) (ecb+ed+ f) # 0. Then all (well de-
fined) solutions of system (1) are periodic with period 3k + 3.

Y3k
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Proof. From the assumptions and (5), we have

1 aed+af+b 1 caf +cb+d
U, = = 5 Vo = = s
0 ToT_3...T_3k 1 — aec 0 YoY—3...Y—3k 1 —aec
1 ech+ed+ f
wWo = = .
20Z—3.-2_3k 1 —aec

From this and (6), it follows that

b d
ul_awﬁb_a(e’cﬂﬂ“)w_uo,

1 — aec

d b
v1:cu0+d:c<ae+af+>+d:vo,

1 —aec
caf +cb+d
and by induction we get,
aed+af +b caf +cb+d
un — ...:uozi, vn:~»~:00*77
1 —aec 1 —aec
b+ ed
w, = mwy = AT N, (52)
1 —aec

From (28)-(30) and (52), we get

Tp43 = Tn_3k, Yn+3 = Yn—3ks Zn43 = Zn—3k, N € Ny,

that is, the solutions are periodic with period 3k + 3. O
Remark 2.1. (a): Using the change of variables (5), the following system
k

11— ¥n—s;
Tn41 k & 5
[lic zn—j-1) (an + b, [ [—0 yn—3j)
k
Yn+1 A & )
Hj:l Yn—(3j-1) (Cn + dn Hj:O Zn—?)j)
k
[T @n-3;
Zn+1 I 5 neNOa

k k
Hj:l Zn—(3j—1) (en + fn Hj:() -Tn—3j)

can be solved, prior minor changes in the coefficients in the correspond-
ing linear system, in the same manner as in solving system (1).
(b): The solutions of the difference equation

k
Hj:o Tn—3j
k k
Hj:l Tn—(3j-1) (an + bn Hj:O In—Bj)

can be obtained from system (1) by taking z_;, =y_; = x_;, i = 0, 3k,
an = Cp, = e€pn, n € Ng and b, =d, = fn, n € Np.

Tny1 = , N E NOv
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3. Asymptotic Behavior of Well-Defined Solutions of System (1) with
Constants Coefficients

In this section, we derive some results on asymptotic behavior of well-defined
solutions of system (1) with constants coefficients.
We will use well-known asymptotic formulas as follows:

2

In(l+z) = x—%—l—@(mg),
(1+2)" = 1—z+0 (2%, (53)

for x — 0, where O is the Landau "big-oh” symbol.

Theorem 3.1. Assume that aec = 1, (aed+af +b) # 0, (caf +cb+d) # 0
and (ecb+ed+ f) #0, x_;y_iz—; # 0 for i = 0,3k. Then, every well-defined
solution (T, Yn, 2n),>_s, of system (1) converges to zero.

Proof. By formulas (40)-(42), we get

$(3k+3)n+3m+j

B H k+1s+m71)+1
3(m—k=1)+j (k+1)s+m)+1

My
= 7nk1)+]H( k—l—l)s—l—m)—i—l)

O ﬁ (- g o(2))

s=nog+1

" 1 1
= T3(m—k-1)+;C1 (no) exp ( Y n (1 T GT s + O (ﬁ)))
s=nog+1
-1 < 1 1
= fg(m,k,1)+jcl (no) ExTP m Z ; + @ ? 3 (54)

s=nop+1

where Ci (ng) = [[12, (1 — W), m=1,k+1and j € {0,1,2},

y(3k+3)n+3m+j
k:+1 s+m—1)+1
= m k— 1+]H S+m)+1
Ny
= Yaim—k- ”*fH( k+1)s+m)—|—1>

= Y3(m—k-1)+;C2 (no) ﬁ <1 - ﬁ o <512>)

s=no+1
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1 1
Bl RS 0))
-1 & 1 1
= Y3(m—k—1)+;C2 (n0) exp ] Z s+(’) 2 , (55)

s=ng+1
where 02 (TLO) = H:io (1 — m), m = l,k +1 andj S {07 1,2},
2(3k+3)n+3m+j
_ . 7 Re((k+Ds+m—1)+1
3(m—k—1)+j ot Ry((k+1)s+m)+1
Ry
— ZS(mk 1)+]H< k—l—l)s—l—m)—i—l)
i 1 1
= amesCa) 1 1= gs ol
s=nop+1
- 1 1
= 23(m—k-1)+;C3 (no) exp Z In|1- Gix1)s +0 2
s=nop+1
-1 < 1 1
= Z3(m—k-1)+;C3 (no) exp e > St o 2 ) (56)
s=nog+1

Letting n — oo in (54)—(56) using the fact that ZS nodl s L s ocasn— oo
and that the series Y oo not1 O (312) converges to zero. Therefore, this result can
be seen easily from (54)-(56).

O

Theorem 3.2. Assume that |aec| < 1, bdf # 0, z;xj_3...Tj—3k # #‘;?&_b,
l—aec

yjyj_g,...yj_gk 75 m, Zij_g...Zj_3k 7’5 edljlig((;j_]c, T _iY—i2—4 7é 0 fOT
i = 0,3k. Then, every well-defined solution (xyn,Yn,zn),> 3, of system (1)
converges to a not necessarily (3k + 3)-periodic solution of the system.

Proof. We know that in this case well-defined solutions of the system are given
by formulas (37)-(39). By using these formulas and asymptotic formulas (53)
we have that for sufficiently large nq

T(3k+3)n+3m+j — T3(m—k—1)+j
(k4+1)s+m—1 M
) 1

ﬁ (aed+af +b)xjri_sz...x;_31 + (aec
oo (aed+af +b)xjrj_3...xj_ 31+ (aec)(kH)Ser M,

= 23(m-k-1)+;C1 (n1)
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n (k+1)s+m

s=ni+1 aed+af+b) mjxjfg...xj,%

- 1’3(m—k—1)+jC1 (nl)

xeap( (1 ace) "
“rp aee (aced +af +b)xjxj_g...T5-3k

X z”: ((aec)(kﬂ)ﬁm +0 ((aec)%S))) (57)

s=ni+1

17 (aedtaf+b)aimi_s..x;_si+(aec)FFDsTm =1y _
where C (nl) - HS:O (aed+af+b)ajrj_3..xj_3p+(aec) FFDstmpp 2 m=Lk+1
and j € {0,1,2},

Y(Bk+3)n+3m+j = Y3(m—k—1)+j

(caf +cb+d)y;yj—3...Yj—3k + (cae
im0 (caf +cb+d)yjyj—s...yj—3k + (cae
= Y3(m—k-1)+;C2 (n1)

n (k+1)s+m
« H <1+ : (cae)™ "™ (1 — cae) Ny +O((Cae)2ks)>

s=ni+1 Caf +cb + d) YiYj—3 .- -Yj—3k

)(k:Jrl)ermfl Nl

)(k+1)s+m J\/—1

= Y3(m—k—1)+;C2 (n1)

Ny
% ea:p((l ~ cae) (caf +cb+d)y;yj—3 ... Yj—3k
X z": ((cae)(kﬂ)“m +0 ((cae)%S» > (58)

s=ni1+1

_ 1y (caf+ebtd)y;ys—s..yj—skt+(cae) FFDFm 1Ny _
where C (n1) = [[,2, (cal tebtd)rsys s ys ort(cac) FFDTFAR, M = 1,k+1
and j € {0,1,2},

Z(3k+3)n+3m+j = F3(m—k—1)+j

ﬁ (ecbted+ f)zjzjs.. 23k + (eca)(kﬂ)”m*l R,

o (ecb+ed+ f)zjzj_z...zj_3r + (eca

)(k+1)s+m Rl

= 23(m—k—1)+;C3 (n1)

" eca)F V™ (1 — eca) Ry 2ks
X H <1+(( ) (a )R +O((eca)k>)

s=nyt1 ecb+ed+ f)zjzj—3...2j_3k

= 23(m—k—1)+;C3 (n1)
R
X e:cp((l — eca) !

(ecb + ed + f) ZjZj—3 ... Zj—3k
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X z": ((eca)(k+1)s+m +0 ((eca)%‘s))) (59)

s=ni+1

o n1  (ecbted+f)zjzj_3...2;_sk+(eca) FTDsTm—1 R,

where C‘S (nl) - HS:O (ecb+ed+f);j]zj-,3."Jz_7_3k+(eca)(k+1)s+mR1 ’
and j € {0,1,2}.

From (57)-(59) and since |aec| < 1, it easily follows that the sequences

x(3k+3)n+3m+j)neN07 y(3k+3)n+3m+j)n€N07 (Z(3k+3)n+3m+j)n€No are conver-
gent for each m =1,k + 1 and j € {0, 1,2}, from which the theorem follows. O

|
=
o
+
—

m

Theorem 3.3. Assume that |aec| > 1, bdf # 0, xjx;_3...2; 31 # #‘;ﬁ&b,
l—aec

YjYj—3 - Yi-3k F cafrerdr 4%-3--2i-3k F copregsyr T-iY—iz—i # 0 for
i = 0,3k. Then, every well-defined solution (xyn,Yn,%n),>_s; of system (1)
converges to zero. B

Proof. In this case, well-defined solutions of system (1) are also given by formulas
(37)-(39). Further note that for each m =1,k + 1 and j € {0,1, 2} holds

(aed +af +b)xjxj_s...Tj_3k + (aec)(k+1)s+m—1 M,

(aed +af +b)xxj_s...Tj—3k + (aec)(k+1)s+m M,

- L (60)

aec

limgs_oo

Now note that —— < 1, due to the assumption |aec| > 1. Using this fact and

laec|

(60), it follows that for sufficiently large s, say s > ns we get

(aed +af +b)x;x;_3...Tj 3k + (aeC)(kH)erm*1 M,
(aed +af +b) zja; 5. ..2j sk + (aec) T My

< ;<1+|aic|> (61)

From this, we get

|23kt 3yntamts| = [T3(m—k—1)+5] C1 (n2)

(aed +af +b)xjxj_3...xj_3r + (aec)

(k+1)s+m—1 M1 |

X
o1 | (aed+af +b) ;s 2 s+ (aec) T A
< }IS(m—k—1)+'| C1 (n2) ﬁ 1 1+ i
B ! 1 \2 |aec]
S=n2

1 1 n—mno
= |Z3(m-k—1)4| C1 (n2) <2 (1 + )) —0 (62)

|aec]|

as n — 0o, where
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n2

aed+af +b)x;xi_3...x;_31 + (aec M,y

C(n)*H d+af +b)z;z, ] (stm=1 5
1(n2) =

0| (aed+af +b)xjarj_s...xj_3; + (aec)FFVF™ ap

)

(caf +cb+d)y;yj—s-. - yj—sk+ (Cae)“”l)s“”*l N,
(caf +cb+d) yyj—s. .. yj—sk + (cae) TV Ny
1
e (63)

cae’

lims 00

Now note that —— < 1, due to the assumption |cae| > 1. Using this fact and

[cae|

(63), it follows that for sufficiently large s, say s > na we get

(caf +cb+d)y;jyj—s...Yy -3k + (cae
(caf +cb+d)y;yj—3...Yj—sk + (cae)(kH)Ser Ny

= % (1 + cclze|> ' (®

From this, we get

)(k+1)s+m71 N ‘

[Y@kt3)nsami| = |Ysm—k—1)45] C2 (n2)
" (caf +cb+d)yjyj—s...Yj—ak + (cae)(k+1)s+m_1 N,
s—mpt1| (caf +cb+d)yy;—3. .. yj—sk + (cae)(kH)Hm N,
. 1 1
< g e -1
< ’yB(m k 1)+J| > (n2) H (2 ( + |cae|)>
s=no+1
1 1 none

as n — oo, where

Cy(ng) = ﬁ (caf +cb+d)yjyj—3...Yj—3k + (Cae)(kJrl)erm—l N,
5=0 (Caf +cb+ d) YiYj—3---Yj—3k + (Cae)(k+1)s+m N,

(ecb+ed + f) 22 _5... 2 _sk + (eca) FTVT LR
(ecb+ed+ f)zjzj—z...2j—3k + (eca)(
1

= — (66)

eca’

iMoo
k+1)s+m
Jstm Ry

Now note that —— < 1, due to the assumption |eca| > 1. Using this fact and

leca|

(66), it follows that for sufficiently large s, say s > na we get
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(ecb + ed + f) 2iZj—3 .. Zj_3k + (eca)(k-i-l)s-‘rm—l R,
(€Cb +ed + f) ZjZj—3 ... 253k + (eca)(k?-l-l)s-i-m Rl

= ; (1 * |eia> ' R

From this, we get

|Z(3k+3)n+3m+j| = |Z3(m—k—1)+j| Cs (n2)

" (ecb+ed + f) 22 5. .. 2 sk + (eca) FTVT LR
s—mot1| (ecb+ed+ f)zjzj_s.. . zj_gk + (eca)FTDstm By
o1 1
e 1 ()
s=no+1
1 1 none
= |23(m—k—1)+j| 03 (ng) 5 1 + @ — O (68)

as n — 0o, where

Cs (1) ﬁ (ecb+ed+ f)zjzj_5...2j—3k + (eca)(kJrl)Hm*1 R,
3 2) = )
25| (ecb+ed+ f)zizi_s ... z_gk + (eca) BTV Ry
from which the theorem follows. O

Now, we investigate the asymptotic behavior of solution of system (1) when
aec = —1, (aed+af+b) # 0, (caf +cb+d) # 0 and (ecb+ed+ f) # 0,
x_y_iz—; # 0 for i = 0,3k, from (37), (38) and (39) by employing the following

formulas

L(3k+3)n+3m+j — L3(m—k—1)+j
n

« H M + (—1)(’“_1)8-“"_1 (2—(aed+af +b)zjxj_3...2j_3;)

w6 Mo+ (—0) V9 (ged +af +b)zizi s wak) (69)
YBk+3)n+3m+j = Y3(m—k—1)+j

" ﬁ Ny + (=1)EHDstm=1o _ (caf + cb+ d) YjYj—3 - yj_gk)7 (70)
2o No+ (1) (caf + b+ d) yiyi-s - Yi-ak)
Z(3k+3)n+3m+j = F3(m—k—1)+j

o ﬁ Ry + (—1)(k+1)s+m—1 (2—(ecb+ed+ f)zjzj—s... ij?,k)’ (71)

o6 Ro+ (=D)FTIEM (0 (ech +ed+ ) 252 5. . 25— ak)
for every n € No, m =1,k + 1 and j € {0,1,2}.
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Theorem 3.4. Suppose that aec = —1, (aed +af +b) #0, (caf +cb+d) #0
and (ecb+ed+ ) #0, x_;y_;z—; #0 fori=0,3k, m =1,k + 1 and
j €{0,1,2}. Then the following statements hold.

(a): Ifzjoj_z...¢j 3, = m, then the sequence (), 3, is
(3k + 3)-periodic.

(b): If (k+1)s+m) is even and |(aed+af +b)xjzj_3...xj_3 — 1| < 1,
then x(3x43yn+3m+j — 0, as n — oo.

(c): If (k+1)s+m) is even and |(aed+af +b) xjx;—3...xj_3. — 1] > 1,
then |x(3k+3)n+3m+j’ — 00, aS M — 0.

(d): If (k+1)s +m) is even and (aed + af +b) xjz;_3...xj_3,—1 =1, then
the sequence (xy,),~ s 5 (3k + 3)-periodic.

(e): If (k+1)s+m) is even and (aed+af +b)xjrj_3...xj 35 — 1 = —1,
then the sequence (), 3y s (6k + 6)-periodic.

®): If (k+1)s+m) is odd and (aed+af+b)mjijismmj_%fl‘ <1, then
Z(3k+3)n+3m+tj — 0, as n — 00.
(g): If (k+1)s+m) is odd and (aed+af+b)zjij,34..xj,3k—1 ‘ > 1, then

|x(3k+3)n+3m+j‘ — 00, &S N — OQ.

(h): If (k+1)s+m) is odd and (aed+af+b)zj;j73.“1.7,_%71 = 1, then the se-

quence (Ty ), ~_s; 5 (3k 4 3)-periodic.
. S 1 _
(i): If (k+1)s+m) is odd and @edTaT ey oo =T — — L then the se-
quence (Ty),,> sy s (6k + 6)-periodic.
(G): Ifyjyj—3.. . yj—sk = m, then the sequence (yn)nz—:ﬂc is
(3k + 3)-periodic.
(k): If (k+1)s+m) is even and |(caf + cb + d) y;yj—3 . . . Yj—36 — 1| < 1, then
Y(3k+3)n+3m+j — 0, as n — oo.
(): If (k+1) s+ m) is even and |(caf + cb+ d) y;y;—3 ... yj—sk — 1| > 1, then
|y(3k+3)n+3m+j| — 00, as n — 0.
If (k+1)s+m) is even and (caf + cb+d) y;yj—3...Yj—3 —1 =1, then
the sequence (yYn),> sy s (3k + 3)-periodic.
(n): If (k+1) s+ m) is even and (caf + cb+ d) y;y;—3 ... yj—sk—1 = —1, then
the sequence (yYn),,> sy s (6k + 6)-periodic.

(0): If (k+1)s+m) is odd and (caf+cb+d)yj;j73‘..yj_3k71‘ <1, then

Y(3k+3)nt3m+; — 0, as n — 00.

(p): If (E+1)s+m) is odd and (caf+cb+d)ngl/j,3...yj,3k—1
’y(3k+3)n+3m+j’ — 00, as M — 0.

(@): If (k+1)s+m) is odd and (caf+cb+d)ngllj,3.‘.yj_3k—1
quence (Yn),,>_s5 15 (3k + 3)-periodic.

(r): If (k+1)s+m) is odd and L = —1, then the se-

(caf+eb+d)y;yj—s...yj—36—1
quence (Yn), > 3y, is (6k + 6)-periodic.

(m):

~

’ > 1, then

= 1, then the se-
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(8): If zjzj_3...2j_3k = m, then the sequence (zn), g, is (3k +3)-
periodic.

(t): If(E4+1)s+m) is even and |(ecb + ed + f) zjzj_s ... zj_3x — 1] < 1, then
2(3k+3)n+3m+j — 0, as n — oo.

(u): If ((k+1)s+m) is even and |(ecb+ ed + f) zjzj—3 ... 2j_3x — 1| > 1, then
|Z(3k+3)n+3m+j| — 00, as n — OQ.

(v): If (k+1)s+m) is even and (ecb +ed+ f) zjzj_s ... zj_sp — 1 =1, then
the sequence (zn),,> s, is (3k + 3)-periodic.

(w): If ((k+1)s+m) is even and (ecb+ed+ f)zjzj_3...2j_3, — 1 = —1,
then the sequence (25),,> sy s (6k + 6)-periodic.
(x): If (k4+1)s+m) is odd and ‘ L ‘ <1, then

(ecb+ed+f)z]-z]~,3‘..2_7'_3;671

2(3k+3)n+3m+j — 0, as n — oo.

(y): If (k+1)s+m) is odd and (ecb+ed+f)zjij,3i..zj,3k—1‘ > 1, then
’Z(3k+3)n+3m+j’ — 00, as§ n — O0.

(z): If (k+1)s+m) is odd and (ecb+ed+f)zjijigmzj_%71
quence (25),> 3y 5 (3k + 3)-periodic.

(2°): If (k+1)s+m) is odd and (ecb+ed+f)mjij,3...zj_3k71 = —1, then the
sequence (zn),>_s;, 5 (6k + 6)-periodic.

= 1, then the se-

Proof. Here, we will prove the items (a)-(i) since (j)-(r) and (s)-(z’) can be proved

similarly and are omitted.

(a): This result can be seen easily from the assumption

TjTj_3...Tj 3k = m and some simple calculation from equation (69).
(b)-(e): Assume that ((k+ 1) s+ m) is even. From equation (69) we get

T (3k+3)n+3m+j — L3(m—k—1)+j
ﬁ Ms + (*1)(k+1)s+m71 (2 - (CLed + af + b) TjTj—3... :L’j_gk)
=0 Ms + (_1)(k+1)s+m (2 — (aed +af + b) TjTi-3 ... l‘j_gk)

= x3(m—k—1)+j ((aed+af+b) $jl’j,3...l'j,3k — 1)n+1 (72)

From (72), the results can be seen easily.
(f)-(i): Assume that ((k+ 1) s+ m) is odd. From equation (69) we get

L(3k+3)n+3m+j = L3(m—k—1)+j
n

Rk ()N (aed + af +b)ajry g .. aya)
s=0 M2 —+ (71)(k+1)s+m (2 — (aed —+ CLf + b) ZL’jl’j_g e I‘j_gk)

1 n+1
Fa(m—k=1)+j <(aed +af+b)zjzi_s...xj 3K — 1)

From (73), the results can be seen easily.
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l—aec
aed+af+b’
_ l—aec _ l—aec i i .
YiYj—3---Yj—3k = caftcbtd’ RjRj—3 .-+ 2j—3k = ecbted+f’ T—iY—iZ—i 7é 0 fO?”
i = 0,3k. Then, every well-defined solution (Tyn,Yn,zn),> 3, of system (1)
converges to a not necessarily (3k + 3)-periodic solution of the system.

Proof. By formulas (37)-(39), we have

Theorem 3.5. Assume that a = c=e =0 or xjzj_3...Tj 3, =

" (aed+af +b)xjxi 3. . Ti 3k
B3(m—h1)4s H ( ) ;T J

z n+3m-+j
(Bkt3)n+3m-+j b (aed + af +b) zjxj_g...Tj 3
= T3(m-k-1)+45 T € No, (74)
" y . ﬁ (caf+cb+d) yjyj,g...yj,gk
3k+3 3 j 3(m—k—1 j
(8k+3)n+3m+j (m )+i 1 (caf +cb+d)y;y;—3 - Yj—sk
= Y3(m—k—1)+j> " € No, (75)
B . (ecb+ed+ f)zjzj—3...2j_3k
Z(3k+3)n+3m+j — R3(m—k—1)+j H (€Cb +ed+ f) 2% .+ Zj_3k

s=0
23(m—k—1)+j, 1 € N, (76)

for each m = 1,k + 1 and j € {0,1,2}, Proof of the theorem can be seen easily
from (74)-(76). O

Finally we investigate the asymptotic behavior of solution of equations (37)-
(42) when aec # 0, b=d = f =0, for each m = 1,k + 1 and j € {0,1,2}, by
employing the following formulas, for the case aec # 1,

~o1
T(3k4+3)n+3mtj = L3(m—k—1)+j H oo’ € No, (77)
s=0
NS |
Y(3k+3)n+3m—+j = Y3(m—k—1)+j H e’ n € No, (78)
s=0
A |
2(3k43)n+3mtj = Z3(m—k—1)+j H —oa’ "€ N, (79)
s=0

while for aec =1,

T(3k+3)n+3m—+j = L3(m—k—1)+5, N € N, (80)
Y(3k+3)n+3m+j = Y3(m—k—1)+5> T € No, (81)
Z(3k+3)n+37n+j = ZS(m—k—l)-‘rja n e N07 (82)

By using above formulas, we give the following theorem. Proof of the theorem
can be seen easily from (77)-(82).
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Theorem 3.6. Suppose that aec A0, b=d= f =0, for eachm =1,k + 1 and
j €40,1,2}. Then the next statements hold.

(a): If |aec| > 1, then x,, — 0, yp, — 0, 2z, — 0, as n — o0.

(b): If |aec| < 1, then |z, — o0, |yn| = 00, |2n] = 00, as n — oco.

(c): If aec = 1, then the sequences (Tyn),>_s: (Un)n>_sk> (Zn)p>_sk, GT€
(3k + 3)-periodic.
(d): If aec = —1, then the sequences (Tn),>_ss Un)p>—_sks (2n)p>_sps OT€

(6k + 6)-periodic.

Acknowledgement: Authors are thankful to the editor and reviewers for
their constructive review.
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