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Abstract
It is shown that the following (k + I)-order nonlinear difference equation

Tn—kTn—k—1
ZTn—t (@n + bpnTr—kTn—k—1)

Tn = , € N07

where k,l €N, (an), ey, (bn),cy, and the initial values z_;, i = 1,k + [, are real numbers, can
be solved and extended some results in literature. Also, by using obtained formulas, we give
the forbidden set of the initial values for aforementioned equation and study the asymptotic
behavior of well-defined solutions of above difference equation for the case k = 3, [ = k.
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1 Introduction

Firstly, recall that N, Ny, Z, R, C, stand for natural, non-negative integer, integer, real and complex
numbers, respectively. If m,n € Z, m < n the notation i = m, 7 stands for {i € Z : m <1i < n}.
Big O notation, called Landau’s symbol, is a symbol used in complexity theory, computer science,
and mathematics to describe the asymptotic behavior of functions. Landau’s symbol comes from
the name of a German mathematician Edmund Landau who popularized the notation [1].

Here, we consider the following difference equation

Tpn—kTn—k—I

, n € Ny, 1
Tn—1 (an + bnxn—kxn—k—l) ( )

Ty =

where k,1 € N, (an), ey, » (bn),en, and the initial values z_;, i = 1,k + [, are real numbers.
In [2], among other things, the case k = 1 and [ = k in Eq. (1), which is a natural generalization
of the equations given in [3-7],

TnTp—k

Tn—k+1 (an + bnznxn—k)

Tpy1 = , n € No, (2)

where k € N, (an), ey, » (bn),en, and the initial values x_;, i = 0, k, are real numbers, was solved
in closed form by a suitable transformation. Similarly, the case k = 2 and | = k in Eq. (1), which
is a natural generalization of the equations given in [8-12],

Tn—2Tn—k—2
)
Tn—k (an + bn£n—2£n—k—2)

n € Ny, (3)

Ty =
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where k € N, (an)neNO ; (b")neNo and the initial values x_;, i = 1,k + 2, are real numbers, was
solved in closed form and was described long-term behavior of well-defined solutions of Eq. (3) for
constant coefficients in [13]. On the other hand, in [14,15], both the cases k = 3,1 =2, a,, = £1
and b, = +1, for alln € Ng, and k =4,1 =1, a, = £1 and b, = %1, for all n € Ny, in Eq. (1)

Tp—2Tn—4 x _ Tp—3Tn—4
) n+l — )
Tn—1 (:l:l + xn—2z7l—4) T (:I:l + zn—3zn—4)

Tpyl = n € Ny, (4)

where the initial conditions are arbitrary non zero real numbers, were studied. Obviously, 4 differ-
ent difference equations can be written from the first of the equations in (4). Similarly, 4 different
difference equations can be written from the second of the equations in (4). Therefore, in total of 8
different difference equations were studied in [14,15]. The solutions of Eqs. (4) were proved by in-
duction. However, the formulas in [14,15] have not been confirmed by some theoretical explanations.

A natural generalization of two-dimensional system of the Eq. (1) was solved in closed form
in [16]. In addition, the asymptotic behavior of well-defined solutions of two-dimensional system of
difference equations for the case k = 2, | = k was studied in [16]. For related difference equations
see also [17-25] and systems of difference equations see also [26-41].

Hence, by the motivation of these results, we consider Eq. (1) which is the most general form
of the equations in [2-15], in this paper. Also, we explain form of the solutions of the first equation
in Egs. (4) which are given just by induction method in [14], by using convenient transformation.

Here, our another aim is to solve the Eq. (1) in closed form and to investigate the asymptotic
behavior of well-defined solutions of this equation for the case k = 3 and | = k. Although we
studied the asymptotic behavior of well-defined solutions of difference equations system which is
a natural generalization of two-dimensional of the Eq. (1) for the case k = 2, | = k in [16], we
investigate asymptotic behavior of well-defined solutions of the Eq. (1) for k¥ = 3, I = k in this
paper. Further, the asymptotic behavior of the equation in [14] is also examined in this study.
The paper is organized as follows. In the second section, we will show that Eq. (1) can be solved
in closed form. Next, we will describe the forbidden set of the initial values for Eq. (1). In section
3, we will study the solutions of Eq. (1) for k = 3, I = k and constant coefficients. Finally, we will
investigate asymptotic behavior of solutions.

2 Closed form of equation (1)

In this section, we obtain the solutions of Eq. (1) by using a suitable transformation reducing the
equation into a linear type difference equation. If at least one of the initial values z_;, i = 1,k + [,
is equal to zero, then the solution of equation (1) is not defined. For example, if z_j_; = 0, then
o = 0 and so z; is not defined. For ¢ = 1,k 4+ [ — 1, the other cases are similar. On the other hand,
if z,, =0 (ng € Ng), z,, #0, for 0 <n <ng—1, and z,, is defined for 0 <n < ny—1, then from Eq.
(1) and the selection of number ng we have ., = 0 or Zp,,—x—; = 0, which implies that ng—k < 0
or ng —k —1 < 0 respectively, that is, z_; = 0 for some 7 = 1, k + [, which is a contradiction. Hence,
for every well-defined solutions of Eq. (1), we get x_; # 0 for every i = 1, k + [, which is equivalent
to xp, #0 forn > —(k+1).

Hence, by employing the substitution y,, =

%, forn > —k, to Eq. (1), we get the linear k-order

Tn
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difference equation
Yn = AnlYn—k +bn, n € Np. (5)

By taking km 44, m > —1 and i = 0,k — 1, instead of n in (5), we have the equations

Ykm+i = Qkem+iYk(m—1)+i T Okm+i, m € No, (6)

which are decompositions of Eq. (5). The solutions of equations in (6) are

m m m
Ykm+i = Yi—k H Qi + Z briyi H akjyi, m > —1, (7)
§=0 1=0 j=1+1
where i € {0,1,...,k — 1}. From the substitution y, = - wl —, we have
1 _
Ty = = Yn l,In_Ql, nZlfk, (8)
YnTn—1 Yn
and consequently
m
Y1)+
Potmyi = via | | SN (9)
j=o Y2t

for me Nypandi € {l-—k,l—k+1,...,3l —k —1}. By the help of the well-known quotient
remainder theorem, there exists £ € N and s € Ny such that n = ks+ j; and j; € {0,1,...,k—1}.
From this and Eq. (9), we have

m k

Y2klj+ks+ji—1(2n—1)
L2klm+ks+ji = Ths+ji—2kl H H ] (10)
Y2klj+ks+j1—2l(n—1)

j=0n=1

for ks +j1 € {2kl —k — 1,2kl —k — 1+ 1,...,4kl —k — [ — 1}, if k is odd, and

k

m 2
Yklj+ks+j1—1(2n—1)
Tklm+ks+j1 — Lhs+j1—kl H H P (11)
Yklj+ks+ji—21(n—1)

j=0n=1

forks+ji € {kl—k—0Lkl—k—1+1,...,2kl—k—1—1}, if k is even. Consequently, the solutions
of Eq. (1) in closed form are obtained by substituting Eq. (7) in Eq. (10) and Eq. (11).

Now, we give the solutions of Eq. (1) when all the coefficients in Eq. (1) are constant. To do
this, we suppose that a,, = a, b, = b, for every n € Ny. Then, Eq. (1) becomes

Tn—kTn—k—1
Tn—i (a+ 0Ty Tr—j—1)

Ty =

, n € Np. (12)

Through this paper we may suppose that ged(k,l) = 1. In fact if |ged(k,l)| = f > 1, which means
the greatest common divisor of natural numbers k& and [, then k¥ = fk; and [ = fl; for some
k1,11 € N such that ged(ky,l1) = 1. Similarly, by the help of the well-known quotient remainder
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theorem, we can write mf + ¢ instead of n in Eq. (12), where m € Ny and 7 € {0,1,...,f — 1}.
Then, it becomes

‘Tf(m—kl)—‘rixf(m—kl—ll)-‘ri
T f(m—tr)+i (@4 DT (k)i f(m—hy —11) 1)
By employing the substitution 9657? = Ty f4i, for m € Ng and 7 € {0,1,..., f — 1}, then Eq. (13)
can be written as follows

Tmfi = (13)

OO

(2) — m—ki1"m—ki—l1 14
AT ONNG ’ (14
xm—ll a + xm—kl ‘rm—kl—ll

which is fundamentally in the form of Eq. (12). Thus, from now on we take the cases when
ged(k,l) = 1. As we have already mentioned before only the case k = 3, | = k is suitable for
applying Eq. (7) in Eq. (10).

Note that the system given in [16] will reduce to equation (1) in the case y, = xn, an = an,
bn, = By, for all n € Nyg. We can give the following theorem which can be proved as in [16].

Theorem 2.1. Assume that a, # 0, b, # 0, for n € Ny. The forbidden set of the initial values
for Eq. (1) is given by the set

k—1
1
k+1
F = U U { (x_(k+l),...,x,1) eRFMYY g miipg = C—,Where
meNy =0 m
j—1

cm::—iMH 1 750}

20 Wkiti g Gki+i

k+l1

UJQ { (33,(;g+l), e ,x_l) c RFHL . T_j = 0}.

3 A study of case k=3,l =k

In this section, we give the asymptotic behavior of the solutions of Eq. (12) when k = 3 and | = k.
In this case, the equation is

Lpn—3Tn—k—3
Tn—k ((1 + bxn73xn7k73)

Ty =

, n € Ny, (15)

and the solutions of Eq.(15) can be written from Eq.(10) (in equation (10); I = 3¢ + r, where
t € Ny, r € {1,2}), as follows:

m (ngﬁs (1 _ a) o b) azp(3t+r)+s—t+i3+1 +b
T3s+j1—-6(3t+7) ;:;E[o (yjo—3 (1 — a) — b) a2PBt+r)+s+iztl L
(o3 (1 — @) — b) a2PBtHr)Fs=8tdia—r+l 4,

(yj4_3 (1 — a) _ b) a2p(Bt+r)+s—2t+is+l |
(yj4_3 (1 _ a) _ b) a2p(3t+r)+s—5t+i4—r+1 +b
(yjs—3 (1 — @) — b) a2PBt+)+s—dt+ia—r+1 | p’

To(3t4+r)m+3s+j1  —
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if a # 1, and

T Yis—3 HO2p (Bt 1) +s—t+iz+1)
L3545, —6(3t471) H

$6(3t+7“)m+38+j1 yj2_3 + b (2p (3t + 7/') + s+ Z’Q + 1)

p=0

Yj—3 +0(2p(Bt+71)+s5—3t+ix —r+1)
Yia—3+02p Bt +7)+s—2t +is+ 1)

Yju—3 +0(2p(Bt+71)+s—5t+iys —r+1)

Yjs—3+b2p(Bt+r)+s—4t+iz—r+1)

(17)

ifa=1, where m € No, r € {1,2}, j1 € {3—r,d—r,5—r}, 3s+j1 € {bk—3,5k—2,...,11k — 4},

0, 71 =0 mod(3) 0, 71 —r=0mod(3)
i2 = I_%J, i3 = L%J, ’i4 = I_jilgzrj’ j2 = 1, jl =1 mod(3) ; jg = 1, jl —r=1 HlOd(3) ;
2, j1 =2 mod(3) 2, j1—r=2mod(3)

0, j1—2r=0mod(3)
Ja:=4q1, j1—2r=1mod(3).

2, j1—3r=2mod(3)
In the following theorem, we obtain the asymptotic behavior of the solutions of Eq. (15) by using
the above assumptions in the case when a # —1,b # 0.

Theorem 3.1. Suppose that a # —1,b#0, k=3t +r, r € {1,2} and ¢t € Ny. Then the following
statements hold.

(@) If |a| > 1, y—1 # 12, y—2 # 1%, Y3 # 1=, then z,, = 0, as m — oc.

(b) Iffa| > 1, y_1 # ﬁ, Y2 = %, Yy-3 = ﬁy then g3i41)ymy3s+2 — 0, |$6(3t+1)m+3s+3| —
00, To(3t41ymt3s+a — 0, |To@aea2)ymisst1| = 00, To@rr2ymrsst2 — 05 Te(3t+2)mtssts — 0,
t € Ng as m — oo, for every 3s+j; € {bk — 3,5k —2,..., 11k —4}, 1 € {3—r, 4 —r,5 — 1},
re{1,2}.

(c) If|a] > 1, y—1 = %7 Yo F %, Y-3 = %7 then $6(3t+1)m+3s+2| — 00, T6(3t+1)m—+3s5+3 —7
0, Tatr1ymrsstd — 0, Toatroymtsst1 — 0 To@is2ymasste — 0, |To@ea2)ymisssa| — 00,
t € Ny as m — oo, for every 3s+ j; € {bk — 3,5k —2,...,11k—4}, j1 € {3—r,d—r,5 -1},
r e {1,2}.

(d) Ifa| > 1, y_1 = 12, y—2 = 72, y—3 # 12, then Te(zi11)m+3s+2 — 0, To(3e41)m+354+3 — 0,
‘$6(3t+1)m+3s+4| — 00, Tg(3t+2)m+3s+1 — 0, |$6(3t+2)m+3s+2} — 00, Tg(3t42)m+3s4+3 — 0,
t € Ny as m — oo, for every 3s+ j; € {bk — 3,5k —2,...,11k—4}, j1 € {3—r,d—r,5 -1},
r e {1,2}.

(e) If |a| > 1,y = ﬁ, Yo # ﬁ, Yy-3 # ﬁ» then L6(3t+1)m+3s+25 L6(3t+1)m+3s+4>
T6(3t+2)m+3s+2> T6(3t42)m+3s+3 are constant and Te3¢11)m+3s+3 — 0, Te3t4+2)m+3s41 — 0,
t € Ng as m — oo, for every 3s+j; € {bk — 3,5k —2,..., 11k —4}, 1 € {3—r, 4 —r,5 — 1},
r e {1,2}.
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(F) If la] > 1, yo1 # 12, y2 = 12, y_3 # 15, then Te@ir1)mrss+3s T6(3t+1)m+3s+4s
T6(3t42)m+3s+15 T6(3t+2)m+3s+2 are constant and Te3t41)mi3sr2 — 0, Te@er2)m+ssts — 0,
t € Ny as m — oo, for every 3s+ j; € {bk — 3,5k —2,...,11k —4}, j1 € {3—r,d—r,5 -1},
r e {1,2}.

(8 If la| > 1, yo1 # 2, y—o # 15, y—3 = 12, then Tg@iri)msst2: T6(3i+1)m+3s+3:
T6(3t+2)m+3s+1> T6(3t+2)m+3s+3 are constant and Te3¢11)m+3s44 — 0, T3t+2)m+3s42 — 0,
t € Ng as m — oo, for every 3s+ j; € {bk — 3,5k —2,...,11k —4}, j1 € {3—r,d—r,5 -1},
r e {1,2}.

(h) If Ja|] < 1, then the sequences (Zgkm-i) Vi€ {0,1,...,6k — 1}, are convergent.

meENy?
(i) fy_1 =y_2 =y_3 = 12, then Tepm4; = Tj_¢k, for m € Ny, j € {5k —3,5k —2,..., 11k —4}.
(j) If a =0, then the sequence (z,,),> 3 is 2k periodic.

(k) If a = 1, then z,, — 0, as m — oo.

Proof. Suppose that

w3t? = (y_o(1 —a) — b)a®>mBHD+s =141 L b (y (1 — a) — b)a?mGtHDFTs=3t 1)
ml T (o (1 — a) — b)a?mBHDFs L 1 (y_s(1 — a) — b)a2mBHDFs—2t+1 1 p
o (es(l—a) = b)amBrHDTT 4 p (18)
(y_2(1 — a) — b)a2mBt+)+s—dt 4 p’
for 3s+2 € {bk — 3,5k — 2,..., 11k — 4},
3s3  (y—1(1 —a) — b)a?mGHDFs=HL L (y_o(1 — a) — b)a?mBHD+s =341 4y
Yml T T = a) — b)a2mGHDFA2 b (y (1 — a) — b)a2mBtD+s—2+1 |
L (ea(l—a) = bjaPmBrDtest 4y (19)
(y_1(1 — a) — b)a2mBrH+s—4t p’
for 3s+3 € {6k — 3,5k — 2,...,11k — 4},
B L - (ny(l — CL) - b)an(3t+1)+s—t+2 +b (y72(1 — a) _ b)a27”(3t+1)+8—3t+1 b
ml T (y_y(1 — a) — b)a?mBHD+sH2 1 (y_i (1 — a) — b)a2m B2+ 1}
(y—1(1 —a) — b)a2m(3t+l)+s—5t +b .
(y_3(1 — a) — b)a2mBt+)+s—dt+1 4 p’ (20)
for 3s+4 € {bk — 3,5k — 2,..., 11k — 4},
3s+1 (y-1(1 —a) b)a2m(3t+2)+57t +b(y—o(l —a)— b)a2m(3t+2)+573t71 +b
Wm,2 = (y—2(1 —a) — b)a2mBt+2)ts+l 1 p (y_3(1 — a) — b)a2mBt+2)+s—2t 4 p
o (s(l—a) = b)anOrEEes 4 (21)
(y_1(1 — a) — b)a2mBt+2)+s—4t=2 1}’
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for 3s+1 € {6k — 3,5k — 2,..., 11k — 4},

se12 (y_3(1 o a) o b)a2m(3t+2)+sft+1 +b (y_1(1 o a) o b)a2m(3t+2)+573t71 +b
W2 = (y_1(1 —a) — b)a2mBtH2)+s+1 1 (y_o(1 — a) — b)a2mBi+2)+s=2t 1 j
(y_2(1 _ a) _ b)a2m(3t+2)+s—5t—2 +b (22)
(y_3(1 — a) — b)a2mBt+2)+s—at—1 4 p’
for 3s+2 € {6k — 3,5k — 2,...,11k — 4} and
w35+3 _ (y,g(l _ a) _ b)a2m(3t+2)+s—t+1 +b (y,3(1 _ a) _ b)a2m(3t+2)+s—3t +b
m,2 - (y,g(l _ a) _ b)a2m(3t+2)+s+2 +b (y71(1 _ a) _ b)a2m(3t+2)+s—2t +b
(1= — b)a2mBt+2)+s—5t—-2 4 p
(y 1( a) )a + (23)

(y—2(1 — a) — b)amBt+2)+s—4t—1 L p’

for 3s+3 € {6k — 3,5k —2,...,11k — 4}.
(a): Assume that y_; # %, Y_o # %, y_3 # % From (18)-(23), we have

1
lim w35+2 = lim w35+3 = lim w3“’+4 = ,
m—00 m— 00 m—o00 a3t+1
lim w¥t! = lim w*3? = lim w33 = 1
m—»0o0 ™2 m—»0o0 ™m,2 m—»0o0 m,2 a3t+2.
The results follow from the condition la| > 1.
(b): From the condition y_; # == a, Y_o = %, Y_g = , from (18)-(23), we have
lim w3%? = S lim w3 =% lim w? Tt = S
m— 00 m,1 a3t+1’ m—»0o0 m,1 " mSo0 m,1 a3t+1’
1 1
hm 35+1 3t+2 hm 3542 — hm 3s+3 _ )
m— 00 W " m—o0 wm’2 a3t+2 " mSo0 wm’2 a3t+2

The results follow from the condition |a| > 1.

Proofs of the (c)-(d) are not given here since they could be obtained similar with proof of the
(a)-(b).

(e): Suppose that y_1 = %, Y_o # %, y_3 # %, from (18)-(23), we have

1
3s+2 3s+3 __ 35+4 o
mlgr(l)ow =1, hm Wi = G ) hm w7 =1,
1
lim w3t = ——— lim w>3%2=1, lim w35+3 1.
m—» 00 m,2 2(3t+2)7 m— 00 m,2 " mSo0

The results follow from the condition |a| > 1.
Proofs of the (f)-(g) are not given here since they can be obtained similar with proof of the (e).
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(h): Employing the Taylor expansion for (1 +z)~ " on the interval (—¢, €), where € > 0, we get, for
sufficiently large m,

3542 (y,2(1 _ a) _ b)a2m(3t+1)+s—t+1 +b (971(1 _ a) _ b)a2m(3t+1)+s—3t +b
m,1 (y_1(1 — a) — b)a?2mBHD+s+1 L h (y_s(1 — a) — b)a2mBt+D+s—2t+1 L p
(y73(1 _ a) _ b)a2m(3t+1)+s—5t +b

X (y_2(1 — a) _ b)a2m(3t+1)+374t +b
(y-1(1 —a) =) 1 2m(3t+1)+s+1
= 1+ b T 1) a®™ )
(y—2(1—a)—=0b) (1 1 2m(3t+1)+s+1
* b at gttt ) e
(y*3(1 - CL) - b) 1 1 2m(3t+1)+s+1
+ b aPttl g2t a*™ :
(y-1(1 —a) —b) 1 1 (y—2(1—a) =) i . 1 Am(3t+1)+25+2
+ b g3+l b at i+t )@
(y-1(1 —a) —b) 1 -1 (y—3(1 —a) =) 1 . L 4m(3t+1)+2s+2
+ b a3+l b ot g2t )@
(y—2(1 —a) =) i 1 (y—3(1 —a) —b) 1 L 4m(3t+1)+2s+2
+ b at  gAt+l b abt+1 g2t a
if 3s+2 € {6k —3,5k —2,...,11k — 4},
s (a(1— @) = b)@m DT (y (1= a) = b)aPm O
m,1 - (y,g,(l _ a) _ b)a2m(3t+1)+s+2 +b (y72(1 _ a) _ b)a2m(3t+1)+s—2t+1 +b

(y72(1 _ a) _ b)a2m(3t+1)+s—5t +b

X (y_1(1 — a) _ b)a2m(3t+1)+374t +b
(y-11—a)=0) (1 1 2m(3t+1)+s+1
= 1+ b at a1 )¢ o
+ (y—2(1 —a) —b) < 1 . 1) q2m(Bt+1)+s+1
b a5t+1 a2t
_3(l—a)—0» 1
+ (y—3( . a) ) (a?,t —a) @2m(Bt+1)+s+1
(y-1(1—a)—0b) (1 1 (y—2(1—a) =) 1 1 Am(3t+1)+25+2
+ b at At b adttl g2t a
+ (y-1(1 —a) —b) <1 . 1 > (y—3(1 —a) — ) <1 . a) qAm(3t+1)+25+2
b at  git+l b adt
+ (y—2(1 —a) —b) < 1 . 1) (y—3(1 —a) —b) (1 - a) A (B3t+1)+25+2
b adttl g2t b a3t

+ O(a'™), (25)
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if 35 +3 € {5k — 3,5k — 2,..., 11k — 4},

354d (y_3(1 o a) o b)an(3t+1)+57t+2 +b (y_2(1 o a) o b)a2m(3t+1)+573t+1 +b
m,1 = (y_2(1 — a) — b)a?mGtHHD+s+2 £ b (y_1(1 — a) — b)a2mGtH)+s—2+1 L p
(y 1(1 _ a) _ b) 2m(3t+1)+s—5t +b
X (973(1 _ a) _ b>a27n(3t+1)+6 4t+1 + b
(y— 1(1 —a)—b) 1 1 2m(3t+1)+s+1
= 1+ ot g2t ) @ ey
n (y—2(1—a)—0) 1 —a)—b) < 1 ) 2m(3t+1)+s+1
a3t
i (y—3( 1 —a)—b) < 1 ) 2m(3t+1)+s+1
(y-1( 1 —a)—b) 1 (y—2(1 —a) —b) 1 4m(3t+1)+25+2
+ aot+1_a2t b ﬁ_a at™ )
+ (y-1(1 —a) =) (y-3(1—a) =) 1 qAm(3t+1)+2542
a5t+1 b at—1 gt
n (y—2(1—a)—0) 1 —a)=b) (1 (y- 3(1 —a)-b) (1 1 gAm(Bt+1)+25+2
ast b at—-1  gat
Lo (a4m) , (26)
if 3s+4 € {5k — 3,5k 11k — 4}
i (1= @) = D)@mERIE T 4 (y (1 — a) = b)aPmEE I
Wy, 2 (y_2(1 — a) — b)a2mGt2)+s+1 £ b (y_5(1 — a) — b)a2mBt+2)+s=2t L}
(y_3(1 . a) . b)a2 m(3t+2)+s—5t—2 +b
X (y_l(l — G,) b)a2m(3t+2)+e 4t—2 +b
(y-1(1 —a) —b) 1 1 2m(3t+2)+s+1
= 1+ b g1 gats ) @ " ’
(y—2(1—a) =) 1 2m(3t+2)+s+1
+ ; iz 1)@ (3t+2)
+ (y—3(1 —a) =) 1 2m(3t+2)+s+1
b adtt3 g2+l
+ (y-1(1 —a) —b) 1 . 1 (y—2(1 —a) —b) 1 1) gdmBtt2)+2s+2
b attl — gAt+3 b a3t+2
n (y-1l—a)=b) 1 1 (y—3(1 —a) =) L1\ am@ri2)r2st2
b attl — gAt+s b gdtt3 g2+l
+ (y—2(1 —a) — ) 1 1 (y—3(1 —a) =) 1 . 1 qAm(3t42)+2542
b a3t+2 b abtt3 g2+l

+ O (a4'rn) , (27)
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if 35 +1 € {5k — 3,5k —2,..., 11k — 4},

3s+2

wm,2

+

+

(y_3(1 —a) — b)a 2m(3t+2)+s—t+1 4y (y_1(1—a) —b)a 2m(3t+2)+s-3t—1 4 )
(y_1(1 — a) — b)a2mBHD+s+1 £ b (y_y(1 — a) — b)a2mBt+2)+s-2t 1}

(y_2(1 _ a) _ b)a2m(3t+2)+s—5t—2 iy

(y_3(1 — a) — b)a2mBt+2)+s—4t-1 1 p

(y—1(1 — a) - b) ( r 1> 2m (3t42)+s+1
a3t+2

1+

(y—a( 1 —a)—b) . 2m(3t42)+s+1
a5t+3 a2t+1 a
(3/ 3(1 —a)—b) i 2m(B3t+2)+s+1
at a4t+2
(y 1 1 — a — b

b a4t+2

(y—2(1 — a) —b) < 1 1 > (y—3(1 —a) —b) (1t 1 ) gAm(3tH2) 12542

b adt+3 a2t+1 b adt+2

0 (@™, (28)

_ (y—2(1—a)—b) 1 qAm(3t42)+2542

a3t+2 b PR R TS |

(y—1( 1 —a)—1b) < _ 1) y-3(1—a)—b) < 1 ) g Am(3t+2)+25+2
a3f+2 at

if 3s+2 € {5k — 3,5k — 2,...,11k — 4} and

3s5+3

wm72

(y72(1 — a) — b)a2m(3t+2)+s—t+1 +b (973(1 _ a) _ b)aQTn(3t+2)+s—3t +b
(y=s(1 — ) = )@@ B2 4 b (i (1 - a) — b BT 4 g

(y_1(1 — @) — b)a?mBt+2)+s=5t=2 4

(y_2(1 — a) — b)a2mBt+2)+s—dt=1 4 p

(y-1(1 —a) —b) ( 1 1 ) 23t 2) sl

1+

b abt+3 g2+l
(y—2(1 —a) —b) i . 1 q2m(B3t+2)+s+1
b at a4t+2
(y-3(1—a) —b) L a ) @2mBt+2) s+l
b a3t+1
(y-1(1 —a) —b) 1 . 1 (y—2(1 —a) =) i . 1 qAm(3t42)+25+2
b abtt3 g2+l b at  gAt+2
(y-1(1 —a) —b) 1 . 1 (y—3(1 —a) — ) 1 B Am(3t+2)+2s+2
b abt+3 | g2ttl b gitrr 44
(y—2(1—a) —b) i . 1 (y—3(1 —a) —b) 1 _a ) gdmBtE2)+2s+2
b at  qdt+2 b a3t+1
0 (a*™) (20)

if 3s4+3 € {6k —3,5k—2,...,11k — 4}. The results follow from (24)-(29) and the condition |a| < 1.
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(i): This result can be seen easily from the assumption y_; = y_» = y_3 = 2 and some simple

calculation. ‘
(j): If a = 0. From Eq. (15), we get

1 1

= Tn—2k, (30)

S

by, 2k

From Eq. (30), the result can be seen easily.
(k): Firstly, before giving the proof of (k) we introduce the following notation

oistz _ Y2t b@mBt+ D) +s—t41) ya+b(2mBt+1)+s—3t)

ol y-1+b(2m@Bt+1)+s+1) ys+b2m(3t+1)+s—2t+1)
y_3+b(2m(3t + 1) + s — 5¢) (31)
Yy_o+b(2m(3t+1)+s—4t)’

for 3s +2 € {5k — 3,5k — 2,..., 11k — 4},

oests _ Y1t b@m@BiA ) +s—t4+1)y s +b(2mB3t+1)+5s—3t+1)

m,1 Yy-3+b(2m@Bt+1)+s+2) yo+b(2mBt+1)+s—2t+1)
y_o+b(2m(3t +1) + 5 — 5t) (32)
y_1+0(2m(3t+1)+s—4t)’

for 3s+ 3 € {bk — 3,5k —2,..., 11k — 4},

S Y3 +b(2CmBt+1)+s—t+2)y_o+b2m(3t+1)+s—3t+1)

ol Yy o +b@2CmBt+1)+s+2) y1+b(2mBt+1)+s—2t+1)

Y1 +b(2m(3t +1) 4+ s — 5t) (33)
y_3+b(2m@3t+1)+s—4t+1)
for 3s+4 € {6k — 3,5k — 2,...,11k — 4},

g3st1 _ Y1t b(2mBt+2)+s—1t) y_2+b(2m(3t+2)+s—3t—1)

2 Yy—2+0(2mBt+2)+s+1) y-3+b(2m(3t+2)+s—2t)

L Y=s+b(2m(3t+2)+s—5t—2) (34)
y_1+b(2m(3t+2)+s—4t—2)’
for 3s+1 € {5k — 3,5k —2,...,11k — 4},
ooste _ YmatbmBt+2)+s—t4+ 1)y 1 +b(2mB3t+2)+s—3t—1)
2 y 1 +b@2mBt+2)+s+1)  yo+b2m3t+2)+s—20)
Yy—2 +b(2m(3t+2)+ s -5t —2) (35)
y_3+b(2m(3t+2) +s—4t — 1)
for 3s+2 € {6k — 3,5k — 2,...,11k — 4},
oosts _ Y2t bmB+2)+s—t4+1)y 5+b(2m(3t+2)+ 5 —30)
2 Y3 +0(2mBt +2) +s+2) y_1+b(2m(3t+2)+s—2t)
Y1 +b(2m(3t +2) + s — 5t — 2) (36)

Yo+ b(2m(3t +2)+s—4t—1)’
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for 3s+3 € {bk — 3,5k — 2,..., 11k — 4}.
Suppose that a = 1.

o2 _ (1 N —b(3t +1) ) (1 N b(3t+1) )
m,1 2bm(3t +1) +b(s+1) +y_1 20m(3t + 1) + b(s — 4t) +y_o
<1 N —b(3t +1) )
2bm(3t+1)+b(s—2t+1) +y_3

RREN [ANRTER) [ERES)
(- -o()

for 3s+2 € {6k — 3,5k — 2,...,11k — 4},
. b(3t+1) X “b(3t + 1)
2bm(3t + 1) + b(s — 4t) + y—1 20m(3t+1)+b(s —2t+ 1) + y_o

(1+ g

(1 * Do (3t +_1;)(itb4(_sl+) 2) 1 yg)
(
(

X

~3543
wm,l

X

o () (- ro () (- o (&)
o)

for 3s+3 € {5k — 3,5k — 2,..., 11k — 4},

s (14 —b(3t +1) - —b(3t+1)
ml 20m(3t +1)+b(s —2t +1) +y_; 2om(3t +1) +b(s+2) +y_o
b(3t +1)
X 1+
2om(3t+1) +b(s — 4t +1) + y_s
1 1 1 1 1 1
- (o) (o () (ram o ()
1 1
= 1 _——
( SO (m)) (39)
for 3s+4 € {6k — 3,5k — 2,...,11k — 4},
st _ . b(3t +2) 14 —b(3t +2)
m2 2bm (3t +2) + b(s — 4t — 2) +y_, 20m(3t+2) +b(s+1) +y_o

—b(3t +2)

(

% (1+2bm (Bt +2) 1 b(s —2) + 4 3>
(
(

g0 () (g 0 (1)) (1o -0 (1)
o)
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for 3s+1 € {6k — 3,5k — 2,..., 11k — 4},

pONTI (1 N —b(3t +2) ) (1 N —b(3t + 2) >
m,2 2om(3t +2) +b(s+1) +y_1 20m(3t + 2) + b(s — 2t) + y_o
(1 N b(3t +2) )
20m(3t+2) +b(s —4t—1) +y_3

(o[ (Ao () (oo ()
- (-dro()

for 3s+ 2 € {5k — 3,5k — 2,..., 11k — 4},

—b(3t + 2) ) ( ) b(3t +2) >
2om (3t +2) + b(s — 2t) + y_1 2m(3t+2)+b(s—4t—1) 4+ y_o

X

~3543
wm,2

1+

X

(

<1 T 2bm(3t +2;)(itb?32+) 2) + y3>
(-5+o () (o) -0 ()
(1_;“@(;2)) (42)

for 3s +3 € {5k — 3,5k — 2,...,11k — 4}.
From (37)-(42), we have that the products in (17) are equiconvergent with the product,

that is with the sequence

aa(En(-gro(t))) - (LE (o (d).

From (43) and the fact that lim, Z;L:1 % = o0, the statement follows. I

Now, we investigate the asymptotic behavior of solutions of Eq. (15) when a = —1, b # 0. From
(16) by employing the following formulas

2y 5 — b)( )2p(3t+1)+57t+1 +b
(2y_1 — b)(—1)2pBt+DFs+1

Te(3t+1)m+3s+2 — L3s42— 6(3t+1)H
p=0

(2y71 _ b)( )2p(3t+1)+s—3t +b

(2y_3 — b)(—1)2PBt+1)+s—2t+1 4 p
(2y_5 — b)(—1)2PBt+D+s=5t 4
g (2y_o — b)(—1)2pBt+D)+s—4t 1 p’ m € No, (44)
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where 3s +2 € {5k — 3,5k — 2,. ..

L6(3t+1)m+3s+3 =

where 3s + 3 € {5k — 3,5k — 2

L6(3t+1)m+3s+4 =

where 3s +4 € {5k — 3,5k — 2

L6(3t+2)m+3s+1

where 3s + 1 € {5k — 3,5k — 2

L6(3t+2)m+3s+2 =

M. Kara, Y. Yazlik

11k — 4},
2y L — b)( )2p(3t+1)+s—t+1 +b
T354+3—-6(3t+1) pl—[O 2y_3 _ b)(f )zp(3t+1)+s+2 +b
(2y 5 — b)( 1>2p(3t+1)+s—3t+1 +b
(2y 5 — b)( 1)2p(3t+1)+572t+1 + b
_ 2p(3t+1)+s—>5t
(2y 2 b)( 1) _ +b’ meNO’
(Qy 1 — b)( 1)2p(3t+1)+574t +b
11k — 4},
2y 5 — b)( )2p(3t+1)+s—t+2 +b
L35+4—6(3t+1) H 2y_2 — b)(— )zp(3t+1)+s+2 +b

p=0
(2y_2 _ b)( 1)2p(3t+1)+8—3t+1 +b
(2y_1 — b)(—1)2PBt+DFs—20+1 1
b)
(-

(2y71 ( )2p(3t+1)+s—5t +b
(2y—3 — b)(—1)2P(BiFDFa—aiH1 4 b7

mENo,

. 11k — 4},

1)2P(t2) 5=t 4
1)2p(t+2)+s+1 1

(2y—1 —b)(—
T3
3s+1— 63t+2)H 2y Z_b)(

(s RO
(y—s — (- 1PEEDT3 4
2y 3—b>( 1)2p(3t+2)+5 5t— 2+b
Gy — BTy M e
11k — 4},
2?] 3 —b)( )2p(3t+2)+s—t+1 +b
L35+2—6(3t+2) H 2y71 — b)(— )zp(3t+2)+s+1 +b

p=0
(2y—1 — b)(=1)?PCEHD+73 4
(2y—2 = b)(=1)2P G2+ 4 b

(2y—p — b)(—1)?PEHDHT52 4
(2y-3 — b)(=1)2PBtF2)Fo—di=l 4 b7

mENo,

(45)
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where 3s + 2 € {5k — 3,5k — 2,...,11k — 4} and

2y 5 — b)( )2p(3t+2)+s—t+1 +b

T6(3t+2)m+3s+3 — T3s+3— 6(3t+2)p1—[0 (2y_s — b)(—1 )Qp(3t+2)+s+2 b
L Ry = D)1
(2y 1— b)( 1)2p(3t+2)+572t +b
y (2y_1 — b)( 1)217(3t+2)+s—5t—2 +b S~ (49)
(2y 9 — b)( 1)2p(3t+2)+574t71 + b’ ’

where 3s + 3 € {6k — 3,5k — 2,..., 11k — 4}.

Theorem 3.2. Suppose that a = —=1,b # 0, k =3t +r, r € {1,2}, p € {1,5}, 41 € {1,2,...,6},
i€{1,2,3} and t,v,h € Ny. Let N; := b;—f“ Then the following statements hold.

(a) fy1=yo=y_3= %, then the sequence (x,),,~_,_5 is 6k—periodic.

b
(b) If y_o =y_3 =5 and |[N1| < 1, then Tg(6h+2)ym+6v-+is» L6(6h+4)ym+6v+i,+1 are constant and
‘x6(6h+p)m+6v+2i| — 00, Z6(6h+1)m+6v+2i+1 — 0y Te6h+5)m+6v+2i—1 — 0, as m — oo.

(c) fy o=y_5= g and |[N1| > 1, then o6(6h42)m+6v-+is> T6(6h+4)m+6v+i,+1 are constant and

(6h+5)m+6v+2i71’ — 00, as M — OQ.

T6(6h+p)ym+6v+2i — 0,

(d) If Y1 =9Y-3 = g and |N2‘ < 1, then $6(6h+2)m+6v+i17 m6(6h+4)m+6v+i1+1 are constant and

T6(6h+p)m+6v+2i — 0, (6h+5)m+6v+2i—1| — 00, a8 M —» 00.

() fy 1=y 3=2 and [N2| > 1, then Zg(6h4-2)m+6v+ir» T6(6h+4)m+6v+ii+1 are constant and
|6 6h+p)m+6v+22| — 00, Tg(6h+1)m+6v+2i+1 — 0y Te6h+5)m+6v+2i—1 — 0, as m — oo.

_ _ b
(f) f y_1 =y 2= 5 and |N3| < 1, then Zg(6n42)m-+6v+i1» L6(6h-+4)m+6v+i,+1 are constant and
|Z6(6h-tp)m-+6v+2i] = 00, To(6h+1)mtcut2it1 — 0, To(6h45)mr6v+2i—1 — 0, as m — oo.

_ _b
(g) Ify_1 =y_o=3 and |N3| > 1, then 2¢6h12)m-+6v+i1s T6(6h-+4)m+6v+i;+1 are constant and
T6(6h+p)ym+6v+2i — 0, |$6(6h+1)m+6u+2i+1| — 00, |x6(6h+5)m+60+2i—1| — 00, as m — O0.

(W) Iy =5 ys # 5 s # 5y # boys # % and |2

T(6h+4)m+6v+i, +1 are constant and Te(en+pym+6v+2i — 0, |$6(6h+1)m+6v+2¢+1| — 00, ’$6(6h+5)m+6v+2i71 —
00, as m — 00.

< 1, then ze@n+2)mt6v+iss

) 1yr =% pms # 5L ys # B ys # 5y £ 5 and |32

ZT6(6h+4)m+6v+iq+1 are constant and |m6(6h+p)m+6v+2i’ — 00, L6(6h+1)m+6v+2i+1 —7 0, T6(6h+5)m—+6v+2i—1 7
0, as m — oo.

> 1, then Zgsh+2)m+6v+irs

(k) Ify_. = :

(G) Ify_1=2, % = 1 then the sequence (zn),> 5 is 6k—periodic.
Ny
27 V

= —1 then the sequence (zn),» ,_5 is 12k—periodic.
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b b+l bt b b
(D) Ifyo =3, y1 # 555 y-3 # "5, y—1 # 5, y—3 # 5 and [N1N3| < 1, then @e(ni2ymtovtis
T6(6h+4)m+6v+i;+1 are constant and ‘x6(6h+p)m+6v+2i’ — 00, T(6h+1)m+6v+2i+1 — 0,
T6(6h+5)ym+6v4+2i—1 — 0, as m — oo.

b bt1 bt1 b b
(m) fyo=3y1 #5 ys#5 y1 # 5, y3 # 5, and [N1N3| > 1, then Zgen+2)mt6v+irs
T6(6h+4)m+6v+i+1 are constant and Xe(shtpym+6v+2i — 0, |$6(6h+1)m+6u+2i+1| — 00,
$6(6h+5)m+6v+2i—1| — 00, as m — Q.

(n) If y_2 = 2, N1 N3 = 1 then the sequence (#n),>_j_3 is 6k—periodic.
(0) If y_o = £, NyN3s = —1 then the sequence (zn),~_,_, is 12k—periodic.

N1

_ b bt bt b
(P) U ys =3, y—1 # 5, y—2 # "5, y-1 # 3, Y2 7’é 5 and
T6(6h+4)m+6v+i;+1 are constant and ‘m6(6h+p)m+6v+2i} — 00, CU6(6h+1)m-;-6u+2i+1 — 0, Te(6h+5)m+6vt2i—1 —

0, as m — oo.

< 1, then zg@nt2ym+6v+irs

(@ Wya =35 yor # %5 yoo # 555 yr # 5oyos # 5, and |3

T6(6h+4)m+6v+iy+1 are constant and Te(6n+pym+6v+2i — 0, ’16(6h+1)m+6v+2i+1’ — 00, ’1'6(6}1+5)m+6v+2i—1 —
00, as M — 00.

> 1, then Zg6n+2)m+6v-+irs

(r) Ify_s=2, % = 1 then the sequence (), _,_5 is 6k—periodic.
(s) Ify_s =2, %—; = —1 then the sequence (zn),~ _,_5 is 12k—periodic.

Proof. (a): The result can be seen easily from Theorem 3.1 of item (i), .

Here, we will prove the items (b)-(c) since (d)-(e) and (f)-(g) can be proved similarly. Hence, proofs
of items (d)-(e) and (f)-(g) are omitted.

(b)-(c): Assume that y_» =y_3 = & and y_1 # 5. From (44)-(49), we have

(29—1 _ b) (_1)2p(3t+1)+s—3t +b
(2y_1 — b) (—1)2PBHD+s+1 1

Te(3t4+1)m+3s+2 — L3s4+2—6(3t+1) H
p=0
_ L3s54+2—6(3t+1) (50)

@y_1-b)(=1)+14b \ T
2y =) (—1)""+b

2y 1— b) (_1)2p(3t+1)+57t+1 4 b

T =
6(3t+1)m—+3s+3 3s5+3—-6(3t+1) IH) 21/—1 — b) (71)2p(3t+1)+874t +b
_ L354-3—6(3t41) (51)

(2y_1—b)(—1)5+b mEl’
(nyl—b)(_l)s—t+1+b

2y L — b) (71)2p(3t+1)+575t +b
T6(3t4+1)m+3s+4 — L3s+4—6(3t+1) H 2y L — b) (_1)2p(3t+1)+s—2t+1 +b

Z3s+4—6(3t+1)
) 52
( (21 —b)(=1)*+14b )m“ (52

@10 (D)
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m

(2y_1—b) (-1

)2p(3t+2)+57t + b

Te(3t+2)m+3s+1 =  L3s+1-6(3t+2) H 2y L — b)( )2p(3t+2)+s—4t—2 +b

333s+1—6(3t+2)

( (2y—1-b)(=1)*+b )m“’
Qy_1 (1) b

2y L — b) ( )2p(3t+2)+373t71 +b

Te(3t+2)m+3s+2 — L3s4+2— 6(3t+2)H — —
= SCTREDX
T354+2—6(3t+2)

2y_1-b)(=1)+i4b \ T
y—1-b)(—1)F 5T T4%

and

)2p(3t+2)+s+1 + b

2y L — b) ( )2p(3t+2)+375t72 +b

Te(3t+2)m+3s+3 — L3s4+3— 6(3t+2)H
p=0
L3543—6(3t+2)

( (2y—1-b)(=1)*+b )m“'
y—1-0)(—1)" 5"+b

(2y—1—0)(—1

From (50)-(55), there are four cases:

e s and ¢ are both even case: (s = 2v, t = 2h) We have

L6v+2—6(6h+1)

)2p(3t+2)+s—2t + b

_ T6v+2—6(6h+1)

L6(6h+1)m-+6v+2 = = s
( ) (25 1—b)(—1)20+14p \ "1 by )"
(2y—1-b)(=1)*"="+b Y-1
. L6v+3—6(6h+1) L6v+3—6(6h+1)
6(6h+1)m+6v+3 = +1 10
(o) @y -b)(=n24b " v\
(Ry_1—-b)(—1)2v—2"F11p b—y_1
" . Lev+4—6(6h+1) _ L6v+4—6(6h+1)
6(6h+1)m+6v+4 = =
( )ym-+6v (25 1—b)(—1)20+1 b m+1 by m+1 "
(Qy_l_b)(_l)Q'u—IO}L+b Yy_1
" L6v+1—6(6h+2) "
6(6h+2)m+6v+1 — T — L6v+1—6(6h+2)>
2 @y_1-b)(=D2+b \"F )
(2y,1—b)(—1)2“_2h’+b
r B Lev4+2—6(6h+2) —
6(6h+2)m+6v+2 = = T6v+2—6(6h+2
(ohrymeey 2y —b)(—pyperigy \TEL ROy
(2y_1—-b)(—1)2v—6h—11p
and
. L6v+3—6(6h+2) .
T6(6h+2)m—+6v+3 — = T6v+3—6(6h+2)>

(2y_1—b)(—1)2v4b m+1
(2y_1—b)(—1)2v—10h1p
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(54)
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e s is even and ¢ is odd case: (s =2v, t = 2h + 1) We have

T6v+2—6(6h+4)

Le(6h+4 6v+2 — = L6v+2—6(6h+4
(6h+4)m+6v+ (2y_1—b)(—1)2+1 b m+1 v+ (6h+4)>
(2y—1—b)(—1)2v—6"=3+b
- L6v+3—6(6h+4) "
6(6h+4 6v+3 = = L6v+3—6(6h+4
(6h+4)m—+6v+ (2 1—b)(—1)2o+b ma1 v+ (6h+4)>
(2y,1—b)(—1)2“_2”'+b
r . Lev+4—6(6h+4) —
6(6h+4)m+6v+4 = = L6v+4—6(6h+4
( ym-+6v 2y ) 1yeetipy L v ( )
(Qy_lfb)(,1)2v710h75+b
" L6v+1—6(6h+5) L6v+1—6(6h+5)
6(6h+5 6v+1 = =
(6h+5)m+6v+ @yt (—1)2rs L b1 L
(2y,1—b)(—1)2“_2h_1+b b*y—l
" _ L6v+2—6(6h+5) _ L6v+2-6(6h+5)
6(6h+5)m+6v+2 = =
( )m+6v (25 1—b)(—1)27+1 1 m+1 b—y m+1
(2y—1-b)(—1)2»=6h=4+4b Y-1
and
. L6v+3—6(6h+5) _ T6v+3—6(6h+5)
L6(6h+5)m+6v+3 —

( (2y_1—b)(—1)2v+b
(2y_1—b)(—1)2v—10r=51p

m+1 m+1
Y—1
) (b*y—l)

e s is odd and ¢t is even case: (s =2v+ 1, t = 2h) We have

L6v+5—6(6h+1)

L6v+5—6(6h+1)

Te(6h+1 6v+5 = =
(6h+1)m+6v+5 (2y_1—b)(—1)2+2 b m—+1 vo1 m+1
(2y—1—b)(—1)2v—6h+1+b b—y_1
. _ L6v+6—6(6h+1) _ L6v+6—6(6h+1)
6(6h+1)m+6v+6 2y 1 —b)(—1)2ot14p \ T by \ L
(2y—1-b)(—1)2v—2h+2+b Y1
. . Lev+7—6(6h+1) _ L6v+7—6(6h+1)
6(6h+1)m+6v+7 2y 1—b)(—1)zor2p  \ v\
(2y_1—b)(—1)2v—10r+1 4} b—y_1
. L6v+4—6(6h+2) _
T6(6h+2)m+6v+4 = 2r1—b) ()" 1th mFl — L6v+4—6(6h+2)
_1=b)(—
((Zy,lfb)(fl)QU_Qh‘*'ler)
. L6v+5—6(6h+2) .
L6(6h+2)m+6v+5 = (2y1 b)Y (122 4h m¥l = L6v+5-6(6h+2)>
(Gesrts)
and
. L6v+6—6(6h+2) .
L6(6h+2)m+6v+6 — m+1 — L6v+6—6(6h+2)>

(2y—1=b)(=1)2v+1+b
(2y_1—b)(—1)2v—T0R+11}
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e s and ¢ are both odd case: (s =2v+1, t =2h + 1) We have

T6y+5—6(6h+4)

T6(6h+4)m+6v+5 = = T6y+5-6(6h+4 74
(6h+4)m+6v+ (291 —b)(—1)2+2 1 m+1 v+ (6h+4)> ( )
Qy_1-b)(—1)2v—6r—21}
" . L6v+6—6(6h+4) 0 (75)
6(6h-+4)m+6v+6 = = T6u+6—6(6h+4
(6h+4)m+6v+ (25 1—b)(—1)2o+11b mE1 v+ (6h+4)>
(2y,1—b)(—1)2“—2h+1+b
r _ L6v+7—6(6h+4) — (76)
6(6h+4 6v+7 = = ZT6v47—6(6h+4
(Ortm oo (Qy_1—b)(—1)2e+21p  \MT1 UH7=6(5h+4):
(2y_1—b)(—1)2v—10r—4 1}
" . L6v+4—6(6h+5) _ T6v+4—6(6h+5) (77)
6(6h+5 6v+4 = =
(6h+5)m~+6v+ (29 1—b)(—1)2o+1 1 m+1 by \ "L
Qy_1-b)(—1)2v—2r1p y_1
r N L6y-+5—6(6h+5) _ L6u+5-—6(6h+5) (78)
6(6h+5)m+6v+5 — =
( ) (2y_1—b)(—1)2v+21p m+1 v m+1
(2y—1-b)(—1)2»=6h=3+b b—y—1
and
. L6v+6—6(6h+5) _ T6u+6—6(6h+5) 79
L6(6h+5)m+6v+6 = (79)

(25— 1—b)(—1)2v+14b m+1 by 1 m+1 °
(2y,1—b)(—1)2”*1“h*4+b yT

From (56)-(79), the result can be seen easily.
(h)-(k): Assume that y_; = &, y_o £ 5L y 3£ 5L 4y o £ L y 5 # L and from (44)-(49) we
have

m 2y 5 — b) ( 1)2p(3t+1)+57t+1 +b

Te(3t+1)m—+3s+2 — L3s5+2—6(3t+1) _
(3t+1)m+3s s pl;[o (2y_5 — b) (—1)2PGi+HD+s—2t+1 4}

(2y 37b)( 1) p(3t+1)+s— 5t+b
(2y 2_b)( 1) p(3t+1)+s— 4t_|_b
T354+2-6(3t+1)
= , 80
( (2y_3—b)(—1)5+1+b )m+l< (2y_2—b)(—1)5+b )m+1 ( )
(

@y—2-0)(-D 1+ 2y—s-0)(~ D T+

= ﬁ (2y_o — b) (—1)2PBt+1)+s=5t 4y
T6(3t+1)m+3s+3 = L3s4+3—6(3t+1) % (2y_3 — b) (—1)2PBt+D+s+2

(2y_3 — b) (—1)2PBtHD+s=3t+1 4 p)
(2y_o — b) (—1)2pB+ D+s—2041 4
= T354+3—6(3t+1) (81)

(2y_s-b)(=1)2+b \"T ([ @y a-b-nerign \THY
@y—2-0) (-1 574D @y—s—0) (-1 1+
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T6(3t4+1)m-+3s+4
L6(3t42)m~+3s+1
L6(3t+2)m+3s+2
and
L6(3t4+2)m+3s+3

M. Kara, Y. Yazlik

. (2y—2 - b) (—1)2p(3t+1)+373t+1 b

From (80)-(85), there are four cases:

e s and t are both even

L6(6h+1)m+6v+2

=  T3s5+4-6(3t+1) pl;[o (2y_3 _ b) (_1)2p(3t+1)+s—4t+1 +b
(255 — b) (~1)PEHD T2 4 p
X (29—2 _ b) (_1)2p(3t+1)+s+2 +b
T354+4—6(3t+1)
= , 82
@y_s-b)(=D=+14b T @y p-nynetp )\ (82)
@20~ T I+D Cy—s—0)(-D"— 45
_ m (2:1/72 _ b) (_1)2p(3t+2)+s—3t—1 +b
= T3s54+1-6(3t+2) pE[o (2y_3 _ b) (71)2p(3t+2)+572t b
(2y73 _ b) (_1)2p(3t+2)+s—5t—2 +b
X (2y72 — b) (_1)2p(3t+2)+8+1 +b
T35+1—-6(3t42)
= , 83
@y_s—b)(=De+b " (y by notign ! (83)
(2y—2—b)(—1)"3~1+b (2y—3—b)(—1)"—>"+b
_ 2y 5 — b) ( 1)2p(3t+2)+575t72 +b
=  T3s5+2-6(3t+2) H 2y 5 — b) (_1)2p(3t+2)+s—4t—1 +b
(2y_3 _ b) (7 )2p(3t+2)+s t+1 +b
X (2y_2 — b) (_l)zp(3t+2)+s—2t +b
T354+2-6(3t+2)
= Pl 84
@y_s—b)(=1) 46\ 2y by (—1)egr \TH! (84)
(2y—2—b)(=1)*~°"+b (2y—3—b)(=1)*~*+14b
2y 9 — b) (_1)2p(3t+2)+s—t+1 + b
T35+3—6(3t+2) pl_[o 2y_3 _ b) (71)2p(3t+2)+s+2 +b
(2973 _ b) (_1)2p(3t+2)+s—3t +b
X (2y_o — b) (—1)2BE+2)+s—at—1 1
T354+3—-6(3t+2)
= . 85
@y_s=b)(=Do+b " @yp-by(=pe-rap \ (85)
(2y—2—b)(=1)*~*+14b (2y—3—b)(—1)"~3"+b
case: (s =2v, t = 2h) We have
Tey+2—6(6h+1)
@ys=b)(=D2+14b \"H 2y pon(-p2gn )T
(2y—2—b)(=1)2v—2h+1+b (2y—5—b)(=1)2*~10R+b
T _
_ 6v4+2—6(6h+1) (86)

()™
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T6v+3—6(6h+1)

Te(6h41 6v+3
(6h+1)m+6v+ 2y s—b)(—1)2 b\ (2y_a—b) ()21 \ ™1
(2y—2—b)(—1)2v~10"+b (2y—3—b)(—1)2v=6h+1+b
_ L6v+3—6(6h+1)
- ’
yos(b—y_o)\ "t
y—2(b—y—3s)
T L6y+4—6(6h+1)
6(6h+1 6v+4
(O Dmer vt (2y_s—n)(—D>+146 \"T1 2y p-)(—ngs T
(Qy_2—b)(—1)2v—6hFT 1y Qy_3—b)(—1)2v—2r1p
Lev+4—6(6h+1)
= =
(b—y—3)y—2 mt
(b—y—2)y—s
r L6v+1—6(6h+2)
6(6h+2)m+6v+1
(61+2) @y 50> 40\ @y sty nrigy \
(2y_2—b)(—1)2v—6h—11p (2y_s—b)(—1)2v—10~ 1}
=  T6v+1-6(6h+2)>
r L6v+2—6(6h+2)
6(6h+2 6v+2
(6h+2)m+6v+ 25—ty (—1)2—14p \ L (25 2—b)(—1)2o+b m1
(2y—2—b)(=1)2v—10"+b (2y—3—b)(—1)2v=2hF1+b
= Tev4+2-6(6h+2),
and
L6v+3—6(6h+2)
Z6(6h+2)m+6v+3

(2y_a=b)(=D2+b N\ 2y (—n2migy \ M
@y—2—b)(— )27 T3 @y—s—0)(— D40

=  T6v+3—6(6h+2)>

e s is even and ¢t is odd case: (s =2v, t = 2h + 1) We have

L6v+2—6(6h+4)

L6(6h+4)m+6v+2
( )ym-+6v (25 —b)(—1)20+1+b m+1 (25 2—b)(—1)2v+b m+1
(2y,2—b)(—1)2“_2”'+b (2y,3—b)(—1)2“_10”'_5+b
=  L6v+2—6(6h+4)>
r T6v+3—6(6h+4)
6(6h+4)m+6v+3
(Bht4ym+6v @Cy_s—b)(=1)>+b " 2y p—b)(—p2erigr \TH
(Qy_2—b)(—1)2v—10h=51} (2y_3—b)(—1)2v—6r=21p
=  ZL6v4+3-6(6h+4)s
T6v+4—6(6h+4)
T6(6h+4)m+6v+4

@y_s=b)(=D2H14b \"TH( @ya—p) s\
(2y_2—b)(—1)2v—6r=21p (Qy_3—b)(—1)2v—2h—11p

=  ZL6v+4—6(6h+4)s

291
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L6v4+1—6(6h+5)

Z m v
6(6h+5)m+6v+1 (295 —b)(—1)2+b m+1 (25_2—b)(—1)2+14b m+1
(2y_2—b)(—1)2v—6h—21p (2y_3—b)(—1)2v—10r=51}
L6v-+1—6(6h+5)
= , 95
(yfg(b—y,Q))erl ( )
y—2(b—y—3)
r L6v+2—6(6h+5)
6(6h+5)m+6v+2 ( 2y s —b)(—1)2— 14 )m+1 ( (2y_2—b)(—1)20+b )m-',-l
(2y_2—b)(—1)2v—10r=51p (2y_s—b)(—1)2v—2h1p
L6v+2—6(6h+5)
= , 96
((li—yfs)yfz)m-'_1 (96)
(b—y—2)y—s
and
- L6v+3—6(6h+5)
6(6h+5)m+6v+3 2ya—b) 12 rs L ety s
(2y,2—b)(—1)2“_2”'+b (2y,3—b)(—1)2”_6h_3+b
T6u+3—6(6h+5)
B (yfs(b—yfz))mH’ ®7)
y—2(b—y_3)
e s is odd and ¢ is even case: (s =2v+ 1, t = 2h) We have
" L6v4+5—6(6h+1)
6(6h+1)m+6v+5 (2y_s—b)(—1)2+2 1 m+1 (2y_2—b)(—1)2+11b m+1
(2y_2—b)(—1)2v—2h+21p (2y_3—0)(—1)2v—10r+11p
L6y-+5—6(6h+1)
= , 98
(yfs(bfyfz))erl ( )
y—2(b—y_3)
" L6v4+6—6(6h+1)
6(6h+1)m+6v+6 (295 —b)(—1)2+1 1 m+1 (2y_2—b)(—1)2+21b m+1
(2y_2—b)(—1)2v—10r+11p (2y_3—b)(—1)2v—6h+21p
L6v4+6—6(6h41)
= , 99
((bfyfs)yfz)erl ( )
(b—y—2)y—s
r L6v+7—6(6h+1)
6(6h+1)m+6v+7 2y_s—b)(—1)2+216 "L [ 2y s—b)(—1)2o14p \ "]
(2y_2—b)(—1)2v—6r+21p (2y_3—0)(—1)2v—2h+141p
_ L6y+7—6(6h+1)
= (y73(b—y72)>m+1 ’ (100)
y—2(b—y—-3)
T6v+4—6(6h+2)
L6(6h+2)m+6v+4

(2y_s=t)(=)2+140 \ M 2y p-p)perae )T
(2y_2—b)(—1)2v—6h 1} (2y_s—b)(—1)2v—10AF1 1}

= Z6u+4—6(6h+2)> (101)
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T6v+5—6(6h+2)

Z6(6h4-2)m-+6v+5
(Chr2ymou (2y_a=b)(=D?+b " (_(yp-p)(—p2rige \™ T
(2y_2—b)(—1)2v—10A+T 1y (2y_s—b)(—1)2v—2hF21p
=  T6v+5-6(6h+2)>
and
. T6v+6—6(6h+2)
L6(6h+2)m+6v+6 =

( (2y—3=b)(=1)>" 1+ )’”“ ( (2y—2=b)(=1)*"+b )’"“
(Qy_gfb)(71)2”72h+b (2y_37b)(71)2'”76h+1+b

=  ZL6v4+6—6(6h+2)s
e s and t are both odd case: (s =2v+1, t =2h + 1) We have

T6v+5—6(6h+4)

L6(6h+-4)m+6v+5
( ym+6v 2y sty (—1)2r2php T (2 2—b)(—1)2o+1 1+ m+1
(2y_2—b)(—1)2v—2hF11p (2y_3—b)(—1)2v—10r—4 1}
=  Teu4+5—6(6h+4)>
r L6v+6—6(6h+4)
6(6h+4 6v+6
O+ dym+6v (2y_s—b)(~1)>+145  \" T (2y_a—b)(—12v+24p )™ H
(2y_2—b)(—1)2v—10h—41} (2y_3—b)(—1)2v—6r—11p
=  T6v+6—6(6h+4)>
T o L6y+7—6(6h+4)
6(6h+4)m+6v+7 =
( )ym~+6v (25 5—b)(—1)2v+21b m+1 (22 —b)(—1)2+1+b m+1
(Qy_2—b)(—1)2v—6r—11p (2y_3—b)(—1)2v—2F 1p
= Teu4+7-6(6h+4)>
r T6v+4—6(6h+5)
6(6h+5)m+6v+4
(O roymeee @y_s=b)(=D2H14b \"F (g by (—pzerey T
(2y_2—b)(—1)2v—6r—=31p (2y_3—b)(—1)2v—10r—4 1}
B L6v+4—6(6h+5)
= T
(b—y_s)y—2 )"
(b—y—2)y—3
- L6v+5—6(6h+5)
6(6h+5)m+6v+5
(O ey ous 2y s=D)(=D>+b  \"T( @y a-p(nties \"F
(2y_2—b)(—1)2v—10r—11p (Qy_3-b)(—1)2v—2rF11p
o T6v4+5—6(6h+5)
= =)
y_s(b—y_2)\""
y—2(b—y—_3)
and
L6v4+6—6(6h+5)
L6(6h+5)m+6v+6

(2y_2—b)(—1)2v*2h+1+b 2y_3—b)(—1)2”’6h*2+b
L6v4+6—6(6h+5)

( (2y_5—b)(=1)>*+1+b )m“(( (2y_2—b)(=1)2"+b )m“
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(103)

(104)

(105)

(106)

(107)

(108)

(109)
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From (86)-(109), the result can be seen easily.
The proofs of (1)-(o) and (p)-(s) can be proved similarly to proofs of to (k)-(1) and are omitted.

Finally we investigate the asymptotic behavior of solutions of Egs.(16) and Eqgs. (17) when
a # 0,b = 0, by employing the following formulas, for the case a # 1,

T6(3t+r)m—+3s+j1 — L3s+j1—6(3t+r) H B m € Ny, (110)
p=0
while for a =1,
T6(3t+r)m—+3s+j1 — L3s+j1—6(3t+r), M € N, (111)

By using above formulas, we give the following theorem. Proof of the theorem can be seen easily
from (110)-(111). So we will omit the proof of the following theorem.

Theorem 3.3. Suppose that that a # 0, b =0, k =3t +r, r € {1,2}, 3s+ j1 € {5k — 3,5k —
2,...,11k — 4} and t € Ng. Then the next statements hold.

(a) If |a| > 1, then z,, — 0, as m — oo.

(b) If Ja|] < 1, then |x,,| — oo, as m — oo.

(c) If a =1, then the sequence (z,),>_,_5 is 6k—periodic.

(d) If a= —1, then the sequence (zy),>_,_5 is 12k—periodic.

4 Conclusion

In this study, we have investigated the following difference equation

Tp—kTn—k—1
Tn—1 (an + bnxn—kxn—k—l)

In = ,nGNo,

where k,1 € N, (an), ey, » (bn) e, and the initial values z_;, i = 1,k + [, are real numbers.

Firstly, we have obtained the closed form of well defined solutions of the aforementioned equation
using suitable transformation. In addition, we describe the forbidden set of the initial values using
the obtained formulas. Finally, in the case where the coeffcients are constant and k = 3, | = k
in the equation, we have examined the asymptotic behavior and the periodicity of the solutions of
this equation.

The equation (1) can extend to the p—dimensional system of difference equations which is vari-
able coefficients or constant coefficients.
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