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Abstract. This study provides a broad overview of the generalization of the various quaternions,
especially in the context of its enhancing importance in the disciplines of mathematics and phys-
ics. By the help of bicomplex numbers, in this paper, we define the bicomplex generalized
k—Horadam quaternions. Fundamental properties and mathematical preliminaries of these qua-
ternions are outlined. Finally, we give some basic conjucation identities, generating function,
the Binet formula, summation formula, matrix representation and a generalized identity, which
is generalization of the well-known identities such as Catalan’s identity, Cassini’s identity and
d’Ocagne’s identity, of the bicomplex generalized k—Horadam quaternions in detail.
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1. INTRODUCTION

Bicomplex numbers emerge in various scientific areas such as quantum mechan-
ics, digital signal processing, electromagnetic waves and curved structures, determ-
ination of antenna patterns, fractal structures and many related fields. Recently, sev-
eral remarkable studies have been conducted related with bicomplex numbers (see
[6,11,13,19,22,24,25,27,29,30,35]). For instance, Rochon and Tremblay, in [29],
studied the bicomplex Schrodinger equations. They also mentioned that the bicom-
plex quantum mechanics are the generalization of both the classical and hyperbolic
quantum mechanics. Kabadayi and Yayli, in [19], represented a curve by means of
bicomplex numbers in a hypersurface in £4 and then they defined the homothetic
motion of this curve. Lavoie et al., in [21], determined the eigenkets and eigenvalues
of the bicomplex quantum harmonic oscillator Hamiltonian. They asserted that these
eigenvalues and eigenkets, first in the literature, were derived with a number system
larger than C. The bicomplex number ¢, which extends the complex numbers, can
be defined as

Co=1{g=q1+ig2+jq3 +ijqs | q1.92.93.94 € R}, (1.1)
where i, j and ij satisfy the multiplication rules
iZ=j=-1, ij=ji (1.2)
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The conjugations of the bicomplex numbers are defined in [28] as:
q; =q1—iq2 +jq3 —iiqa, q; =q1+iq2—jq3—ijqa
and
q4f; = q1—iq2 —jq3 +1jqa
and the basic properties of the conjugations are as follows:
(@) =a. @2 =341, (@ +9)" =qi+45. (q1)* =g}
and
(Aq1 £ 1q2)" = Aq] + pq3.

where ¢1,¢92 € C, and A, u € R. Furthermore, three different norms for the bicom-
plex numbers are given by

Ny = llg xqi|| = \/|qf+q§—q§—q§,+2j(ql% +4244),

Ny, = llgxqjl| = \/|qf—q%+q§—qf+2i((11f]2+f]3Q4)|’

Nogi; = lla xqijll = \/qu+Q%+q§+qi+2ij(q1q4—qzq3)l-
Quaternions, which are a number system that extends the complex numbers, arise
in quantum mechanics, physics, mathematics, computer science and related areas
(see [1,2,5,9,10,12,14,15,26,31-33]). They were first introduced by William
Rowan Hamilton in 1843 [14]. In general, a quaternion ¢, which is member of a
noncommutative division algebra, is defined by

H={g =q0+iq1 +jq2+Kkq3 | 4¢0.91.92.93 € R}, (1.3)
where i, j and k satisfy the multiplication rules
iZ=j?=kK>=-1, ij=—ji=k jk=—-kj=i ki=-ik=j. (1.4

Note that, although quaternions are noncommutative, the bicomplex numbers and
bicomplex quaternions are commutative. The conjugate of a quaternion g is defined
by

q =4qo0—iq1—Jjq2 —Kgs3, (1.5)
where i, j and Kk satisfy the rules (1.4).

The quaternions have been studied by several authors in the recent years (see
[1,2,4,5,9,10,12,15,26,31-33]). For example, Horadam, in [15], defined the
Fibonacci quaternions. Motivated by Horadam’s study, Halici, in [9], examine some
basic properties of Fibonacci and Lucas quaternions. She also gave the generat-
ing functions, the Binet formulas and derived some sums formulas for these qua-
ternions. Liana and Wloch [31] introduced the Jacobsthal and Jacobsthal-Lucas
quaternions and they gave some properties and matrix representations of these qua-
ternions. Tan proposed the biperiodic Fibonacci quaternions whose coefficients are
the biperiodic Fibonacci numbers in [33]. Later, Tan et al. described the biperiodic
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Lucas quaternions and gave the generating functions, the Binet formulas and Cassini
and Catalan like identities [32]. Later, by using the bicomplex numbers, Aydin, in
[1], defined the bicomplex Fibonacci and Lucas quaternions as:

On=Fy+iFps1+ jFus2+ijFut3, (1.6)

where F;, is the nth Fibonacci number. She also studied addition, subtraction, multi-
plication of the bicomplex Fibonacci quaternions and then gave several properties of
this quaternion. Although, she mentioned the bicomplex Lucas quaternions in The-
orem 2.5 in [1], she didn’t give any definition of the bicomplex Lucas quaternions.

For n € Ny, the Fibonacci and Lucas numbers are defined by the recurrence rela-
tions

Foy2=Fpp1+Fy, Fo=0, F1=1 (L.7)
and
Ln+2:Ln+1+Ln, Lo=2, Li=1, (1.8)

respectively. Recently, many researchers have studied several applications and gen-
eralizations for the number sequences(see [7, 8, 16—18,20,36]). For further inform-
ation, we specially refer to book in [20]. For example, Yazlik and Taskara, in [36],
defined the generalized k—Horadam sequence, which is generalization of many num-
ber sequences in the literature. For n € Ng and f (k)% +4g(k) > 0, the generalized
k—Horadam sequence defined by

Hypyo= f(k)Hg ns1+8(k)Hy ,, Hpo=a, Hg;=0>. (1.9)

Note that, the Binet formula of the generalized k—Horadam sequence is given by, for
ne |N0,
B Xri=Yr}

ry—r2

Hip (1.10)

where X =b—aryandY =b—ar;.

In this paper, by analogy to generalizations of Fibonacci and Lucas quaternions
explained for example in [12, 26, 32, 33], we generalize families of the Fibonacci
and Lucas quaternions. Hence, the next section describes the bicomplex generalized
k—Horadam quaternions which are both generalization of the results in [1] and they
include several bicomplex quaternions which are not defined before.

2. BICOMPLEX GENERALIZED k—HORADAM QUATERNIONS

Definition 1. For n € Ny, the bicomplex generalized k—Horadam quaternion is
defined by

38, = Hin+iHi i1 +iHins2 +iiHen s, 2.1)

where Hy , is the generalized k—Horadam numbers which is defined in (1.9).
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TABLE 1. The bicomplex generalized k—Horadam quaternions

S

g (k)

Bicomplex generalized k—Horadam quaternions

Hk,n = f(k)Hk,n—l +g(k)Hk,n—29
Hio=aand Hyy =b

Bicomplex Fibonacci quaternions [ 1]

1 On=Fy+iF1+jFui2+ijFuq3

F,=F, 1+F, 5, Fp=0and F; =1

Bicomplex Lucas quaternions

1 :CnQ = Ln+ilnt1+jLlnt2 +ijLln43

L,=Ly_1+Ly,—», Lo=2and L =1

Bicomplex k—Pell quaternions [3]

1 Bckf,’n = Pk +iPrput1+iPrpn+2 + 1P ny3

Pk,n = 2Pk,n—1 +kPk,n—2’ Pk,O =(0and Pk,l =1

Bicomplex Pell quaternions [3]

! P2 = Py +iPut1 +Pusa+iiPats

P,=2P, 1+ Py, Pp=0and P; =1

Bicomplex Pell-Lucas quaternions

2 PLE = 0n+i0nt1+iOnt2+ijOn+3

0n=20s-1+0n—2,00=2and Q1 =2

Bicomplex Jacobsthal quaternions

1 92 = Ju+idns1 + it +iidnss

Jo=Jp—14+2J,-2,Jo=0and J; =1

Bicomplex Jacobsthal-Lucas quaternions

1 FLL = jp+ijnr1 +ijntz+ijjnts

Jn=Jjn—-1+2jn—2,jo=2and j; =1

It is not difficult to see from the following table that the bicomplex generalized
k—Horadam quaternions can be reduced into several quaternions for the special cases
of f(k),g(k),a and b.

For n,m € Ny, J{’an and J(’ka be two bicomplex generalized k—Horadam qua-
ternions. Thus, the addition and subtraction of these two quaternions can be given

as:

78, £ 32, = (Hin +iHi i1 +iHi sz +iiHicns3)

+ (Hiyn +iHi mt1 +iHimo +1iHi m3)
= (Hin % Him) +i(Hine1 £ Hie 1)
+ i (Hi 42 & Himt2) +55 (Hi nt 3 = Hieomt3) -
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TABLE 2. The bicomplex generalized k—Horadam quaternions
(continued from previous page)

Bicomplex k—Fibonacci quaternions [34]
OFc, = Fen +iFens1 +iFent2 HiiFrents

k11101
Fk,n = ka,n—l + Fk,n—2=
Fro=0and F; ; =1
Bicomplex k—Lucas quaternions
k1|2 k| Len=Lintiliner+ilinra +iilinss

Lk,n = kLk,n—l + Lk,n—Za
Lk,O =2 and Lk,l = k
Bicomplex Horadam quaternions
plqlalb HZ = Hy +iHui1 +jHytz +ijHnss
H, =pH,_1+qH,—», Hy=a and H = b

On the other hand, the multiplication of these two quaternions can be computed as:
0 0
J(k,n X ‘%k,m

= (Hn +iHg pt1 +iHknt2 +iiHi ny3)
X (Hyem +1Hg m+1 + i Hk mt2 + 1 Him+3)
= (Hkn Hien — Hie net Hiem1 — Hien2 Himt2 + Hie ne s Hie m+-3)
+i(Hin Hem+1 + Hient1 Heym — Hie nv2 Hieoms s — Hiont 3 Hieomt2)
+ i (Hi nHie m+2 + Hie n 2 Hiem — Hiconp1 Hemt s — Hieont 3 Hie 1)
+ 1§ (H o Heomt3 + Hint3Heom + Hi net Hems 2 + Hiono Hieom1)
= J€ka X J(’an
In addition, the conjugations of the bicomplex generalized k—Horadam quaternions
are defined as:

*
(92,), = Hin—iHi 1 +iHenso —iiHinss 22)
*
(2,)" = Hin +iHi 1~ §Henr2 =i Hin s @3)
(Jng’”>ij = Hyn —iHp pny1 —=§Hi py2 +1jHg p 3. (2.4)

Theorem 1. For any given two bicomplex generalized k—Horadam quaternions
H an and ¥ ka, where n,m € Ny, the following conjugation identities hold.

k,n%kQ,m :: k,m : k,n f: k.n : k,m ;’ .
() = (L) ()= () (). s

1
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Q Q * . * Q * . Q * Q *
(‘%k,n’%k,m)j - (‘%k,m)j (‘%k,n)j - (‘%k,n)j (‘%k,m)j ’ (2'6)

0 40\ _ (%2 \ (%2 \ (%2 )\ (%2 \
(’%k’"‘%ksm)ij o (‘%k’m)ij (%k’”)ij - (%k’”)ij ('%k’m)ij' 2.7
Proof. By considering the Eqgs. (2.2), (2.3) and (2.4), the theorem can be proved
easily. U

2\ (w2 0\"
Theorem 2. Let (‘%k,n)i’ (‘%k,n)j and (‘%k ”)ij be three conjugations of the

s

generalized k—Horadam quaternion. Then we obtain the following relations
Q (40 \"_ 2 2 2 2
Hicn ('%k,n)i =Hip+Hepir—Hi o= Hipys
+2j (HinHntz + Hiny1 Hie it 3) (2.8)

0 0\ _ g2 2 2 2
Hicn ('%k,n)j =Hip—Hi pir Y Hic o = Hi oy 3

+2i (Hg p Hicnp1 + Hi ny2 Hie p43) (2.9)
0 o\ _ ;2 2 2 2
t%)k,n (Jek,n)l-j - Hk,n + Hk,n+1 + Hk,n+2 + Hk,n+3
+2ij (HinHicpy3 — Hipy1 Hi ng2) - (2.10)
Proof. The theorem can be proved easily by using the Egs. (2.1), (2.2), (2.3) and
(2.4). Hence we omit the proof. O

Theorem 3. For n € Ny, the generalized k—Horadam quaternion satisfies the
recurrence relation

'%kQ,n+2 = fk) 2

2 ek, @.11)

Proof. By considering the right hand side of the Eq. (2.11), we get
fUH2,  +ek) 2,

= f(k) (Hgnt1 +iHi pyo +iHi n3 +1iHi pya)
+g(k) (Hgn +iHg ni1 +iHi 2 +iiHi py3)
= (f(k)H nt1+gk)Hy ) +i(f (k) Hy pt2 + & (k) Hi 1)
+i(f(k)Hy ng3 + (k) Hy py2) +1i (f (k) Hy pya + g (k) Hye p1-3)
= Hynyo +iHp py3 +Hi nva +1iHg nys
- C3lng,n—FZ’
which is the desired result. ]
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The following theorem explains the generating function of the bicomplex general-
ized k—Horadam quaternions.

Theorem 4. Forn € Ny, the generating function for the generalized k—Horadam
quaternion is

92, + (702, - fU0HE, )1
1= f(k)t — g (k)2

Proof. We use the formal power series to find the generating function of Jkan.
Now, we define

H(t) =

(2.12)

oo oo
H()y =Y 221" =2+ H2 1+ w2 1", (2.13)

Multiplying the Eq. (2.13) both f(k)t and g(k)t?, we get

fUtH @) =Y fR)HE, " = fU)HS e+ fUH2, " (2.14)

and

o0
gy H(t) =Y gk) a2 1. (2.15)
n=2
By considering the above equations and doing some basic operations, we get

(1= Syt —g()?) H(t) = 2, + 2 1 — £ ) HEt

(e ]
+y° %,fn— f(k)%,gn_l—g(k)%,gn_z .
n=2

0

Therefore, we obtain
o Y 0
‘%k,o + (‘%k,l - f(k)'%k,o)t

1— f(k)t —g(k)t? ’
which is the desired result. ]

H(t) =

(2.16)

Now, we give the Binet formula for the bicomplex generalized k—Horadam qua-
ternions by means of the Binet formula of the generalized k—Horadam numbers
which is defined in the Eq. (1.10).

Theorem 5. The Binet formula for the generalized k—Horadam quaternion is
a*Xri—B*Yr}

rn—r2

gg]gn — (2.17)
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where a* = 1+ir; +jr12+ijr13, B*=1+ir +jr22+ijr§’, X=b—ary, Y =b—arj,

_ S+ fk)>+4g (k) fk)—~/ f(k)2+4g (k)
- 2 2 :

ri

and r, =

Proof. By considering the Binet formula of the generalized k—Horadam numbers,
we get

Jg]gn = Hpp+iHg 1 +iHknto HiiHk nts

XYl Xrn—i—l_an—H Xrn+2_an+2
— 1 2 +i 1 2 : 1 2

+i

ri—rp ri—rnr ry—rnr

Xrn+3_an+3

+ij 1 2

rn—ra

Xrf Yrl}
= 1(1+ir1—|—jr12+ijrl3)— 2 (1+ir2+jr22+ijr§)
rn—rz rn—rz

1
= (a*er’—ﬂ*Yrg),
ry—r

where ¢* =1 4 ir; —i—jrlz—i—ijrf’,ﬂ* =14ir +jr22+ijr§’, X=b—ar,Y =b—

NIGEET0) /TP T4 .
ary, r = AGs f;k)2+4g(k) and rp, = /&) fgk)2+4g(k). Therefore the proof is
completed. g

The matrix representation of the bicomplex generalized k—Horadam quaternions
can be given in the following theorem.

Theorem 6. Let n > 1 be integer. Then

o o o o -
( =}Q€k,zn+z Hia n—1)+l) _ (%szJrl K ) (f(k)2+2g(k) 1)” 1
J( 9

H J #2 —g(k)? 0

k2(n+1)+1 k,2n+1 k,4+1 k,2+1
(2.18)

where | € {0, 1}.

Proof. We prove the theorem by induction on n. If n = 1 then the result is clear.
Now we assume that, for any integer m suchas 1 <m <n,

0 o -
( ‘7Q€k,zm+l Hia m—1)+l) _ (J‘JszJrl ) ) (f(k)2 +2g(k) l)m 1‘
H

0 0 o (k)2
k2004l Hkoam+l Hiavr it g(k) 0

Then, forn =m + 1, we get

(%;gm 2 )(f(k)2+2g(k) 1)”’

[0} _ 2
Harr ot g(k) 0
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(2 HE )(f(k)2+2g(k) 1)’"‘1 (f(k)2+2g(k) 1)

=\ 40 0 ~ o (k)2 (12

Hicarr Mot g(k) 0 g(k) 0

o o

_( Homn Hia m_1)+z) (f(k)2 +2¢(k) 1)

Hamenrr  amyi —g(k) 0

g2 g2
_ | T k2m+1)+1 k,2m+1
- %Q JLaQ ) ’

k,2(m+2)+1 k,2(m+1)+1
where [ € {0, 1}. Therefore, the proof is completed. O

Theorem 7. For n € Ny, the summation formula for the generalized
k—Horadam quaternion is

H2, 1 +8 I, =2 —g (k) H2,

Zn #2 — T®+gH)—1 ; if f(k)+g(k)=1#0
= o [e] _ _
ot s g(k)Jfk.nJrJfk'l+ir;g1()k[4)g(k)a+b](1+z+1+g), if Fk)+ g(k)—1 =0
(2.19)

Proof. We prove the theorem with two cases. First we assume that f (k) + g (k) —
1 # 0. By using the definition of the generalized k—Horadam quaternion, we have

n n n n n
> %kQ,s = His+iY Hisy1+i) Hesi2+1i ) Higrs  (2.20)
s=1 s=1 s=1 s=1 s=1

Now, we compute each term on the right hand side of the Eq. (2.20). By using the
Eq. (12) in [23], we get

2.21)

i b Hint1 +8(K) Hion — Hiet — g (k) Hio
L s 7+ gk)—1 ‘

Moreover,

n
ZHk,s-H
s=1

= f(k))_ Hs+gk) > His i

s=1 s=1

n
= f(k) (Z Hi s+1— Hinv1 + Hk,l)

s=1

n
+ (k) (Z His+1— Hinp1r — Hien + Hi o + Hk,l)

s=1
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_ 8(K)Hynt1 + 8(K) Hy.n — (k) Hi o — (k) H 1 + f(K) Hien1 — f (K) Hi 1
(flk)+gk)—1)
_ Hinta +g(k)Hy 1 — Hi o — g (k) Hy, L

(2.22)
fk)+g(k)—1
By doing the similar operations as in the Eq. (2.22), we obtain
H k)H —Hp3—gk)H
ZHkerz— kn+3+ 8(K)Hy nio— Hi 3 —g(k)Hy 2 (2.23)
fk)+g(k)—1
and
H k)H, —Hp4—gk)H
ZHks+3 kn+a+ 8(K)Hy nys— Hi 4 —g(k) k3 (2.24)

) +gk)—1

By substitutlng the Equations (2.21), (2.22), (2.23) and (2.24) in the Eq. (2.20), one
can obtain that

o o o o
Xn:% _ ‘%k n+1 +g(k)'%k,n — _g(k)'%k,o
Sk)+g(k)—1

Next we assume that f (k) + g (k) — 1 = 0. By using the Eq. (13) in [23], we get

(2.25)

g(k) Hyen + (n — Dig(k)a+b] + Hy,1
ZH 1+ g(k)

(2.26)

Furthermore, we have

n n
> His4a+8(K) Y Higpr =nglk)a+Db]
s=1 s=1

n n
> Higs1+ Hingr—Hip +8(k) > Hysq1 = n[g(k)a +b]
s=1 s=1

(14 g(k) Y His11 = (n—Dg(k)a+b]+ (g(k)a+b) — Hinyz + Hi2
s=1

S He sy = £ P + 0= Dlg)at bl + Hea

2.27
1+g(k) (227)
By doing the similar operations as in the Eq. (2.27), we obtain
g(k)Hypy2+ (n —1)[g(k)a + b] + Hy 3
Z Hisz = = (228)

1+g(k)
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and

" k)Hy ., —D[gk)a+b]+H
ZHk,s+3 _ 8§(K)Hyni3+(n—Dlg(k)a+b]+ k- (2.29)
s=1

1+g(k)

Therefore, by substituting the Equations (2.26), (2.27), (2.28) and (2.29) in the Eq.
(2.20), one can obtain that

2": o _ gk)H, +H2, + (1 —D[g(k)a+b(1 +itj+)
k,s — . (2.30)
= " 1+g(k)

0

Now, we give a theorem which generalizes the well-known identities such as
Catalan’s identity, Cassini’s identity and d’Ocagne’s identity.

Theorem 8. The generalized k—Horadam quaternions satisfy the identity that is

0 4,0 (@) o
‘%k,n ‘%k,n—r+s - ‘%k,n+s '%k,n—r

_ (—g(k))"™" (bHy,, —aHy 1) (bHy,s —aHy s41)
o b2 —a%g(k)—abf (k)

x [1 +g(k)—g(k)? —g(k)* +i(1—g(k)*) f (k)

+j (1+g (k) (£ (k) +2g (k) +i f (k) (f (k) +2g (k) } (231

Proof. By using the Theorem 7 in [36] and definition of the generalized k—Horadam
numbers, we get

0 40 (Y Q0
‘%k,n e%k,n—r+s - e;lgk,n+s c%k,n—r

= (Hicn +Hy 1 +3Hin 2 +iiHins3)
x (Hk,n—r+s +iHkpn—rts+1 ik n—r+s+2+ ink,n—r+s+3)
- (Hk,n+s +iHg pys+1 +iHgn+s+2 +ink,n+s+3>
X (Hk,n—r +iHg p—rt1 +iHg n—r+2 +ink,n—r+3)

= Hi nHi n—r+s — Hi nt1 Hen—r+s+1 — Hent2 Hie n—r 542

+ Hk,n+3Hk,n—r+s+3 - Hk,n-l—s Hk,n—r + Hk,n+s+1 Hk,n—r—H
+ Hi nts+2Hen—r+2 — He nts+3He n—r+3

+ i(Hk,n+1Hk,n—r+s + Hk,n Hk,n—r+s+1
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—HinioHgn—rts+3— HienisHen—rts+2 — Hients Hen—r+1
—Hppvs+1Hen—r + Heprs+2Hie nr+3 + Hi nps+3 Hk,n—r+2)

+j<Hk,n+2Hk,n—r+s + Hk,n Hk,n—r+s+2 - Hk,n+1 Hk,n—r+s+3
—Hin+3Hin—r+s+1— Hinvs+2Hikn—r — Hinvs Hie n—r+2

+ Hinasv1Hen—ri3+ Hk,n+s+3Hk,n—r+1)

+ ij(Hk,n Hk,n—r+s+3 + Hk,n+3Hk,n—r+s + Hk,n+1Hk,n—r+s+2

+ Hk,n—l—ZHk,n—r-l—s-l—l - Hk,n+s Hk,n—r+3 - Hk,n+s+3Hk,n—r
- Hk,n+s+l Hk,n—r+2 - Hk,n+s+2Hk,n—r+1)

_ (_g(k))n—r (ka,r _aHk,r+1) (ka,s _aHk,s-l-l)
- b2 —a2g(k)—abf (k)

X {1 +g(k)—g(k)*— g(k)ﬂ

( g(k))n " (ka r—aHy r+1) (ka N _aHk,s+1)
>—a?g(k)—abf(k)

X {(1—g(k)2) f(k)}

( —g (k)" r(kar_aHk r+1)(kas_aHk,s+1)
2—a?g(k)—abf(k)

x {(1 +g() (f()*+ 2g(k))}

( g(k))n r(kar_aHk r+1) (kas_aHk,s+1)
2—a*g(k)—abf (k)

x {f(k) (f (k) + 2g(k))}

_ (_g(k))n—r (ka,r _aHk,r+1) (ka,s _aHk,s—i-l)
N b2 —a2g(k)—abf (k)

X {1 +g(k)—g(k)? —g(k)> +i(1-g(k)?) f (k)
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+i(1+g (k) (f(k)? +2g (k) +ij f (k) (f (k) +2g(k)) }

g

Corollary 1. By taking s = m —n +r in the Theorem 8, we obtain the following
identity:

0 4,0 0 0
J(k,n ‘%k,m - ‘%k,m—}-r ‘%k,n—r

B (_g(k))n—r (ka,r _aHk,r+1) (ka,m—n-i-r _aHk,m—n—i-r—i-l)
N b2 —a?g(k)—abf (k)

x {1 +g(k)—g(k)> —g(k)* +i(1—g(k)?) f (k)

+j (14 g(k) (f(k)* +2g (k) +ii f (k) (f (k) +2g(k)) }

Corollary 2. (Catalan’s identity) By taking m = n in Corollary 1, we obtain
Catalan’s identity for the generalized k—Horadam quaternions as:

(‘%an)2 N ‘%lg,nJrr‘%kQ,n—r

 (—g(k)"" (bHy —aHyp41)”
B b2 —a?g(k)—abf (k)

x [1 +g(k)—g(k)> —g(k)* +i(1—g(k)?) f (k)

+j (14 g(k) (f(k)* +2g (k) +ii £ (k) (f (k) +2g(k)) }

Corollary 3. (Cassini’s identity) By taking m = n and r = 1 in Corollary 1, we
obtain Cassini’s identity for the generalized k—Horadam quaternions as:

2
(‘%kQ,n) o e%kQ,n-H e%kQ,n—l
= (—g (k)" " (b*—a*g(k) —abf (k))

x {1 +g(k)—g(k)> —g(k)® +i(1—g(k)?) f(k)

+j (1+g (k) (f (k) +2g (k) +3 f (k) (f(k)* +2g (k) }
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Corollary 4. (d’Ocagne’s identity) By takingn =n+ 1 and r = 1 in Corollary 1,
we obtain d’Ocagne’s identity for the generalized k—Horadam quaternions as:

0 (9] 0 9
‘%k,n—i-l %k,m - ‘%k,m-i-l‘%k,n

= (_g(k))n (ka,m—n _aHk,m—n-‘rl)

x| 14+ g(k)—g(k)* —g(k)* +i(1—g(k)?) f(k)

+j (14 g(k) (f(k)* +2g(K)) +ij f (k) (f (k) +2g (k))

3. CONCLUSION

This study presents the bicomplex generalized k—Horadam quaternions which
are generalization of the results in [1, 3, 34]. Moreover, for the special cases of
f(k),g(k),a and b, we obtain several new quaternions(see Table 1) which are not
defined before in the literature. We derive the Binet formula, generating function,
matrix representation and the summation formula for this quaternion. We also give
Theorem 8 which is the generalization of the Catalan’s identity, Cassini’s identity and
d’Ocagne’s identity. Since this study includes some new generalized results for the
bicomplex quaternions, it contributes to the literature by providing essential inform-
ation on the generalization of the bicomplex quaternions.
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