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Abstract

In this paper, we investigate the following system of difference equations

Qn ﬂn

T, . n = ) N )
1 + YnTn—1 ) Yt 1 + InYn—1 n € fo

Tn+1 =

where the sequences (a”)nENo’ (/j'n)nENO are positive, real and periodic with period two and
the initial values x_1, xo, y—1, Yo are non-negative real numbers. We show that every positive
solution of the system is bounded and examine their global behaviors. In addition, we give
closed forms of the general solutions of the system by using the change of variables. Finally,
we present a numerical example to support our results.
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1 Introduction
As a prototype, in [1], Drymonis investigated the global stability, periodic character and bounded-
ness of solution of the following difference equation by distinguishing several special cases

an + annxn—l + YnTn-1
An + annxnfl + Cnxnfl

Tn+l = , ne N07 (1)

where the parameters ., 8,,, Vn; An, Bn, Cpn are non-negative periodic sequences and the initial
values x_1, xg are non-negative real numbers. In [2-5], equation (1) with constant coefficients
is studied in the global stability, periodic and boundedness of solutions of some particular cases.
Kulenovic et al, obtained five equations for the related of equation (1) with constant coefficients
in [5]. Moreover, Amleh et al. studied thirty equations which are special case of equation (1) and
constant coefficients in [2,3]. One of thirty equations considered in [2] is the rational difference
equation given as follows: N

Tn+41 :m, nENo. (2)
Further, some featured studies on the stability of the particular cases with constant coefficients
of equation (1) can be found in the literature, (see, [6-11] ). On the other hand, many authors
obtain some closed-form formulas which are solutions special cases of the equation (1) in [4,12-19].
The interesting thing is that all of them have constant coefficients. Equation (1) is extended to the
two-dimensional and the three-dimensional systems of difference equation with constant coefficients
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and obtained in the closed form the solutions in [20-34]. In addition, the global stability of the
system of extending of equation (1) with constant coefficients is studied in [35-37].

According to the mentioned literature, there is no particular case using variable coefficients with
the system of equation (1). Motivated by this, we extend equation (2) to the system of difference
equations with periodic coefficients as follows:

On

B
T, . . > Yn = 7’”7 n €N ) 3
1+ ynwn_1 Yt 0 ( )

€T =
n+1 1+ TnlYn_1

where the sequences (@), en,s (Bn)nen, are positive, real and periodic with period two and the
initial values x_1, xg, y_1, Yo are non-negative real numbers. Firstly, we show that every positive
solution of the system (3) is bounded and then state the global behavior of positive solution of the
system (3). We also give closed forms of the general solutions of the system (3) by using change of
variables. Finally, we present a numerical example to support effective results.

Throughout this paper, we use the following sequences (), cn,» (Bn)nen, s

and a3 > 0, by > 0, a1 # by,

a1, if nis even,
QAp = . .
by, ifnisodd

as, if n is even,
= and as > 0, by >0, a bs.
bn {bg, if n is odd ? 2 27 b2

Then the system (3) can be written as follows:

x = 0 x = b (4)
Il = T—————, Tapp2 = ——————————
" L+ yonton—1’ 2 1+ gong1Ton’
a9 b2
Ymbl =7, Yopt2 = . 5
mr 1+ x2nyon—1 " 1+ Z2n11Y2n 5)

To conduct the stability analysis, we assume that
Tapn—1 = Un, Tan = Un, Yon—1 = Wn, Y2n = tn, N € No. (6)

Thus (4) and (5) are obtained in the following form:

_ a
Unt1 = T5g,
by (1+vnwn)

v 1=
n+ 1+v;2wn+a2vn , n € Np. (7)
Wn+1 = Tro,w,
ba (14-tnun)

bl = 190, unrarty

We conclude that the system (7) is equivalent to the system (3). From now on we will use the
system (7) instead of the system (3). Note that the following equations

_ a

Un+1 = 1+tiun 8

t o b2(1+tnun) ( )
ntl = Tht,untait,
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are independent from (v,,w,) and

v — _bi(tvaw,)

n+l = Tro,w,+azvn (9)
J— 2

wn-‘,—l T 1tvpwy

are also independent from (uy,t,). This means that the system (8) and the system (9) are the
two-dimensional systems of difference equations. We see that if (ﬂ, v, W, f) is an equilibrium point
of the system (7), then the corresponding equilibrium points of (8) and (9) are (u,t) and (v,w),
respectively.

Now, we give some results concerning difference equations.

Lemma 1.1. [38] Consider the system wu,y1 = f (un, V), Vnt1 = g (Un,vn), n € Ng. Let F =
(f,g) be a continuously differentiable function defined on an open set D C R x R.

(a) If the eigenvalues of the Jacobian matrix Jg (u@,?), that is, both roots of its characteristic
equation
N — T,.Jp (@,7) \ + DetJp (@, 7) = 0, (10)

lie inside the unit disk, then the equilibrium point (@, ) of the system w,+1 = f (tn, Vp) s Vny1 =
g (un,vy,) is locally asymptotically stable.

(b) A necessary and sufficient condition for both roots of equation ( 10) to lie inside the unit disk
is
|T-Jr (@, 7)| < 1+ DetJp (u,v) < 2.

Lemma 1.2. [39] Consider the cubic equation
P(2)=2°—az> —Bz—~=0. (11)

The equation (11) has the discriminant

A = —a?B% — 483 + 40y + 2792 + 18a837. (12)
Thus the following statements are true;
(i) If A <0 then the polynomial P has three distinct real zeros p;, py, ps3-
(ii) If A =0 then there are two sub cases:

—a? 3 o

(a) If 3= =5~ and v = $, then the polynomial P has the triple root p = §,

(b) If 5 # %‘3‘2 or y # %, then the polynomial P has the double root r and the simple root
P

(iii) If A > 0 then the polynomial P has one real root p and two complex roots re=%, § € (0, ).
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2 Main results

In this section, we prove our main results.

Lemma 2.1. Assume that (an)nENo’

M. Kara, D. T. Tollu, Y. Yazlik

(Bn)nGNO are positive periodic sequences of prime period 2.

Then every positive solution of the system (3) is bounded.

Proof. From the system (3), we have

o2

— <«
1+ynxn71 -

Tpn4+1 =

By

— <
[ < B

Yn+1 = (13)

for n € Nyg. Then we see that zop41 < a1, Tont2 < b1, Yont1 < ag and Yoo < by, for n € Np.

Combining (3) and (13), we have

x o Q2n > Qon
I+l = >
e 14 yan@on—1  1+baar’
Yonil = 6277, B2n

" 1+ 2onyon—1  1+ba’

for n € Ny. Consequently, we get

ay

— <z <a
1—|—b20,1 > L2n41 > U1,

a2

— < <a
1+ agby S Yon41 S G2,

for n € Ny. 1

2.1 Locally Asymptotically Stability

T _ Qop41 Aop+1
n+2 14+ yon+120, — 1+ asb; ’
Yo ) = /B2n+1 52n+1
T I Toniyen T L+ arhy
b1
— <z < by, 14
T4 aphy = P22 =01 (14)
by
— = < < b 15
1+ aby Yon42 = 02, ( )

In this subsection, we study locally asymptotically stability of the unique positive equilibrium

(u,t,w,v) = (ﬂ b2, 7w, Z—;@) of the system (7).

7a1

Lemma 2.2. The system (7) has the unique positive equilibrium point on (1_&%, a1> X (1_&%, b2) X

_as b
<1+a2b17a2) % (1+a2b1’b1>'

Proof. The equilibrium points of the system (7) are the solutions of the algebraic systems

by (1+vw _ bh(l+tu
U= all, gzw’ W — a277 i= 2(,7 ),. (16)
1+tu 1+ 9w+ asv 1+ovw 1+ tu+ ait
From (16), we obtain the following equalities:
b _ b
v=—w, [=—u (17)
a9 ai
Substituting (17) into (16), we have the polynomial equations
P@=u+2u-" =0, R =u"+ 2w- 2 =0, (18)
by by b1 b1
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From (6), (14), (15) and (18), we have

P(a1)=a? >0, R(az)=a3>0 (19)
and
o af (1 +arb2)’ ~ 1)
N SN
1+ aiby (14 a1by)
a9 a3 ((1 + a2b1)2 - 1)
R(—2—) = - — <0. (20)
1+ azb (1 + agby)
Since a a
P’(a)=362+b—1>0, R’(@):3@2+b—2>0, (21)
2 1

P (@) has the unique zero on ( a1 ) and R (w) has the unique zero on (Hﬁzﬁ’ a2>. On the

ai
14+a1bs?

other hand, by taking into account (17), we have
bgi — b2 a1 b2 b2
Ra—ie(2_ 9 2, (2
alu < <a11+a1b2’a1a1> <1+a1b27 2)

L (LN D Y L
0 azgl+ash az °)  \T+ash ')’

which completes the proof. i

and

Theorem 2.3. The unique equilibrium (ﬂ, t,w, 6) = (ﬂ, ba g, W, 2—;@) of the system (7) is locally

ai

asymptotically stable.

Proof. We define the maps

’ 1+a1b2’a1 1+a1b2’ 2 1—|—a1b2’a1 1-‘1-&1()27 2
a9 b1 ag bl
a2 _ 2 T
<1+a2b1’a2>x<1+a2b1’ 1)—><1—|—agbl’a2>x(].-i—(lgbl7 1>’
x 1ilzk z 1—7—?12
FlL) = | wlier | and G y) = | mlus |-
1+zk+aik 1tyz+azy

The Jacobian matrices evaluated at (ﬂ, Z—?ﬂ) of F and (@, %@) of G are

and

given by

—bo® _a3 —b @ —w®
— 2 2
— _ ay ai — —\ as a2
Jr (u, t) = b3 bt | Jo (W,7) = B0 P

5 T 3
ay ay as as
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and theirs characteristic equations associated with (ﬂ, Z—iﬂ) and (@, 2—12@) are

4p. =3 | 3p -4 27 | p3=9
o arbou® + ajbou a1bsu’ 4+ byu
AT+ pc A+ s = 0,
1 1

~2  aih W+ bt~ @b + W
D e R e
Qg Qg

respectively. Therefore, from Lemma 1.1-(b), we have the following inequalities

atbou® + a3bout 14 abu” + b3u® —
af af ’

asb,w® + a3byw? 14 azb?w’ + b3w’ _
ag a$ '

After some calculations from the last inequalities, we obtain the following inequalities:
(a1 — )+ >0, 8arhs+1>0

and
(ag —w)* + W2 >0, 8aghy +1 >0,

which always hold. So, the proof is completed. I

Theorem 2.4. The system (7) has not positive periodic solutions with prime period two.

Proof. First, we suppose that the system (7) has positive periodic solutions with prime period two

as follows:

{"'7(¢1a917a17,¢)1)7(¢27927a27w2)a"'}7
where ¢, # ¢, 01 # 02, a1 # a9 and ¥, # 1,. Then we have

6 = ax by = ax by = ba (14 ¢1)5) by = ba (14 ¢19y)
P 4oy T 1y T T gty tarty” P L4y +arth
a as as . by (1 + 04292) . by (1 + 04191)

=75 0= —_—, - T A . _ a0 - T A . _ a0
1+ anbs 2 1+ a6, ! 1+ by + as0s 2 14+ 1601 + ax6;

from which it follows that

b ¥ __ b 6 __ b 6 __ b
T4y’ 2 14o0, © 1+aiby > 1+asb;

From the first two equations of (22), the first two equations of (23) and (24), we have

Gr1g (Vg — 1) + 1 — dy =0, Pyahy (D) — Py) + 901 — 9y =0,

102 (02 — 01) -+ Q] — Qg = 0, 9102 (Oél — 042) -+ 91 — 92 = 0

V1

(25)

(26)

(24) implies ¢ o011y = —1, a1ab102 = —1 which is a contradiction. So, the proof is completed. I



Global behavior of two-dimensional difference equations system with two period coefficients 55

2.2 Closed form solutions of the system (3)

In this subsection, we obtain a closed form solutions of the system (3). By applying the change of
variables

T, = Pn—1 Yn = Tn—1 n> -1, (27)

) )

Tn Pn

to the system (3), we have the following third-order linear system

1 1 1 1
Tn4+1 — —Pn — —Pn-2= 07 Pnt+1 — 5 Tn — 5 Th—2= O» n e NO? (28)
an o B B
where pg = 1, p_1 = X0, p—2 = T_1Yo, To = 1, r—1 = Yo, r—2 = Yy—_1Zo. From the system (28), we
have

1 1 1

Ton4+1 — —P2n — —P2n—2 = 07 Ton4+2 — 7 P2n+1 — 7 P2n—1 = 07 nec NOa (29)
ay a1 by by
1 1 1 1

Dont1 — —T2n — —T2n—2 = 0,  Panya — —T2p41 — —T2n—1 = 0, n € Ny, (30)
ag ag bo bo

from which it follows that

1 2
Ton+1 — Er%—l - Eﬁn—B - Eﬁnfs =0,

1 2 1

J— — —_— — _ — — _ = 1

Ton+2 azby T2 agbs Ton—2 agbs Ton—4 = 0, (3 )

1 2 1
DP2nt+l — —5P2n—-1 — —5P2n—-3 — ——Pan—5 = 0,

asby asby azby

1 2 1

Pon42 — @Pzn - Epznfz - @p2n74 =0, (32)

for n € Ng. Equations (31) and (32) have the characteristic equations as follows:

1 2 1

P _ )6 _ 4 2 _

! (A) A a1b2>\ albg/\ a1b2 O,
P,(\) = M- Ly 20 L (33)

2 o a2b1 a2b1 a2b1 -

Let
Gy =N-o—t w1 poyons Lot (34)
! vale \/Cl1bz7 ! va1b2 \/111b27
) 1 1 ) 1 1

) =\ — 2 RN =X+ A+ . 35
Q) Vabr~ Va2 Vasb " Vasb (35)

Then Py (A) = @1 (A) R1 (M) and Py (A) = Q2 (A) Re (A). Note that the polynomials @1, Ry, Q2
and Ry satisfy the relations Q1 (—\) = —R; (A) and Q2 (—\) = —Ry (). Namely, if X is any zero
of the polynomial R;, then —A is a zero of the polynomial (); and if X is any zero of the polynomial
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R5, then —A\ is a zero of the polynomial Q. On the other hand, we consider the following linear
equations

1 2 1 0. 3 1 2 1 0. (36)
Sp — ——Sp—1 — Sp—2 — Sp—3=0, s, — —8,-1— ——8p—2— ——5p—3=0.
Characteristic equations of equations in (36) are
3 1 5 2 1

P =3 _ _ _
1 (Vi) = p PR 0

and

= ~ 1 2 1
Pz(\/ﬁ):u?’* ? - 0.

a2b1ﬂ a azblu azby

We see from Lemma 1.2 that the equations P; (\/ﬁ) =0 and P, (\/ﬁ) = 0 have one real root
and two complex roots denoted by p?, 7e™?? 0 € (0,7) and p? , 7et??, 6 € (0,7), respectively.
These notations are legal, since p = A2 and = A2, Also, note that since a1by > 0, asb; > 0 and
p = a11b2 (p+1)7° 70 = a21b1 (7i + 1)?, the unique real roots of P, (vB) =0 and P (\/ﬁ) =0 are
positive. So, we have the general solutions of (36) as follows:

Sp_1 = C1p*" + 72" (Cy cos 2n6 + Cssin2nf), n > —1, (37)
where C7, Cs, and C3 are arbitrary constants.

Spo1 = 61;52” + 720 (ég cos 2n6 + 63 sin 2n0) , n>—1, (38)

where Cy, Cy, and Cj are arbitrary constants. Any solutions of the equations in (31) and (32) are
the solutions of the equations in (36). Therefore, we can formulate the sequences (p2y),~_, and
(Ton),>_ as follows: -

Pon = C19°" + 72" (Cq cos 2nf + Cssin2nf), n > —1, (39)

where
C — §4 [1 +7 (a1 - fl'—l) Yo — 272 cos 29$_1y0]
o p* 4 74 — 25272 cos 20 '
Cn 72 [2]32 cos 26 (—1 +ﬁ2x71y0) 472 (1 Pt (—ay + 21 yo)}
o pt 47 — 2p?72 cos 20 ’
P es020 [ (7 (a1 —@1) —o-1) yo = 7 0820 (~1 + 5" (a1 — 1) yo) + 7 cos 46 (1 + FPa—130)]
C3 - >4 =4 5272 s
p* + 7 — 2p272 cos 26

Top = 61ﬁ2n —+ ?271 (62 cos 2né + 63 sin 277,9) , N > —1’ (40)

where

O, = p* [1 +7* (ag — y—1) o — 27° cos 29y_1x0]
b p* + 7 — 2p?72 cos 20 ’
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_?2 [2ﬁ200s20( 1+ py_ 19:0)+7" (1+p (— a2+y_1)x0)}

N pt + 7% — 20272 cos 20 ’
?zcsc29[7°4(p2(a27y 1) —y— 1)x077‘ COSQO( 1+ p* (a2 —y— 1)x0)+p cos40( 1+ p2y_ 110)}
Pt 4+ 74 — 25272 cos 20

On the other hand, by the first equations of (29), (30) and some operations, we have

S»

Gy =

1
Ton+1 = —DP2n + —P2n-2,
a al
~2 1 ~2n
= o e T (O cos2n0 + CYsin2n6), n > 1, (41)
aq a1
where O 0820 — Cy sin 20 O cos20 + Cy sin 26
- 5 cos 260 — Cssin - '3 COS 5 sin
02 - 02 + FQ ) 03 - 03 + ?2 )
1
Pon+1 = —T2n + —T2n-2,
a2 ag
1 " ’\271
= Clp + PP+ (C'Q cos 2nf + Cj sin 2n9) n > —1, (42)
a9 as
where

., ~  (Chcos20—Cssin20  ~, ~  Cscos20 + Cysin20
C§:C2+ 5 COS - 3 SIn ’ CézC’g—l— '3 COS ; 2 Sin .

Also, the relations Py (A) = Q1 (A) Ry (A) and Py () = Q2 (A) Ra (A) and Q1 (—A\) = —R; () and
Q2 (—A) = =Ry (\) imply that p is the root of Q1 (\) and —p is the root of Ry (A\), p is the root of
Q2 (\) and —p is the root of Ry (). Hence p and p satisfy the following relations:

pPP+1 [be 5 P*+1 [b1 4
= —p, = —p .
a1 a1 a ag

From these and (41), (42) follows that

b ~2n
Pons1 = C1y] = P2 + L (Chcos2nf + Chsin2nf), n > —1, (43)
aq aq
where Cy o820 — Cy sin 26 O cos 20 + Cy sin 26
2 C0os 20 — U3 sin 3OS 20 + (U sin
CYy = Ch+ = , Cy=0Cs3+ = ;
by A2n+1 2 A/ A o
Pon4+1 = C’1 P + o C5cos2nf + Cqsin2nf ), n> —1, (44)
2 2
where N R R R
~ ~ C5 cos 20 — C3sin 20 ~ PN C5cos260 + Cysin 20
Cé =Cy + =) , Cé =Cs5+ =) .

Therefore, from (27), (39), (40), (43), (44 ), we have the closed form solutions of the system (3) as
follows:

Cr\/bp “ 2 (Ccos (2n —2)0+ Cysin (20— 2)0)

: (45)

Ton =

Clﬁgn 4 72n (02 cos 2nf + 63 sin 2n9)
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C1p*™ + 72" (Cq cos 2n6 + Cs sin 2nb)

Ton+1 = o ’ (46)
Cyy/ 2 p2ntl 4+ T2 (O cos 2nf + Cj sin 2n0)
c %]3271—1 + 7*2:;2 (Chcos(2n —2) 0 + C4sin (2n — 2) 6)
& C1p?" + 727 (C4 cos 2nb + Cs5 sin 2n0) 7)
and R
C1p?" 4+ 72 (Cg cos 2nf + C3sin 2n9>
Yon+1 = o/ ~ — ) (48)
Ci 2—12]32”‘*‘1 + Ta—z (Cé cos 2nf + C4 sin 2n9)
where _ ~
O = o [1 +7*(a; —x_1) yo — 272 cos 29x,1y0]
! p* + 7 — 2p%72 cos 26 ’
o 72 [2p? cos 260 (=1 + p?x_1y0) + 72 (1 +p* (—a1 + z—1) yo) |
2 p* + 7 — 2p%72 cos 20 ’
Oy = 72 csc 20 [?4 ('ﬁQ (a1 —z_1) — 171) yo — 72 cos 20 (71 +p* (a1 —x_1) yo) + p2 cos 46 (71 +ﬁ2:p,1y0)}

p4 + 74 — 2p272 cos 20
C5 cos 20 — C38in 20
= , Cé =C3+

C'3cos 20 4+ Cy sin 20
;:2 )

Cy=0Co+

p [1 +7* (az —y_1) o — 27% cos 29y_1x0]
o+ 7 — 29272 cos 20 ’

_ 72 [2p? cos 260 (=1 + p?y—_120) + 72 (1 +p* (—az + y—1) o)
> P+ 71 — 29272 cos 26 ’

G — 72 csc 20 [?4 (ﬁQ (a2 —y—1) — y,1) o — 72 cos 20 (—1 +p* (a2 —y_1) xo) + 92 cos 40 (—1 +f)‘2y,1m0)]
3= pt 4+ 7 — 2p272 cos 20 ’

5'2 cos 20 — 6'3 sin 20 ~ A 6'3 cos 20 + 62 sin 20
7/:2 3 C3 == CB + 7//:2 .

C) =

)

@:@Jr

2.3 Globally asymptotically stability
In this subsection, we study globally asymptotically stability of the unique positive equilibrium
(u,?) = (U, Z—iﬂ) (w,v) = (w, 2—;@) of the system (7).

Lemma 2.5. Consider the cubic polynomial S () = X* — ¢X? — ¢, where ¢ is a real number.
Then zeros of the polynomial S satisfy the relation |o| < p, where p is the unique real zero of the
polynomial S and o is one of complex conjugate ones.

Proof. Note that ¢ = poo = p|o|*. Since S (p) = 0, we have
2 2
p*—cp? —c=p*—plol p* —plo]" =0

which implies

Therefore, the proof is completed. i
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Theorem 2.6. The unique equilibrium (H, f) = (ﬂ, Z—iﬂ), (w,v) = (@, 2—12@) of the system (7) is
globally asymptotically stable.

Proof. We know from Theorem 2.3 that the unique equilibrium (ﬂ, f) = (ﬂ, %U), (w,7) = (E, 2—12@)
of the system (7) is locally asymptotically stable. Hence, it is enough to show that

lim w, =u, limt¢,=¢ Ilim w,=w and lim v, =7,

or
lim x9, =7, lim xo,y1 =%, lim yo, =t and lim yo,41 = W,
n—oo n—oo n—oo n—oo
by taking into account (6). We also know that u and w are the unique real zeros of the polynomials
P and R in (18). On the other hand, p is the unique real zero of polynomial Q; in (34) and p is
the unique real zero of polynomial Q2 in (35). We claim that the zeros of the polynomials P and
@1 and also the zeros of the polynomials R and )2 are of the relations

aq 1 _ a21 —
*::U, 7::’11), 49
V b2 D V b1 D (49)

respectively. To verify these relations, we have

2
ai 1
= - *21% 1 (D)
=0
and
— —3 , Q2 __ a%
R(w) = w'+ ~w—- =
1 1
_ </a21>3+a2 el _d
1D bi\Vbip b
(1N (s 1 o, 1
by p3 P vV a2b1p Vasby
- - (E5) o
1 P8
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By taking limits of (45)-(48) as n — oo

—on—1 O /b1
p2n 101 as

lim

M. Kara, D. T. Tollu, Y. Yazlik

by using (49) and the result of Lemma 2.5, we have

+ (%) o i? (6’5 cos (2n — 2) 0 + Chsin (2n — 2) 9)

lim i)
n—oo p2n

p

n—oo

61 + ( )Qn (6’2 cos 2n6 + 63 sin 2n9)

)3y

2n
Ci + (%) (C5 cos 2n + Cs5 sin 2nb)

lim g9y,

1
alF

+ (€Y cos 2nf + C4 sin 2nf)

1

(Cheos (2n — 2) 0 + Chsin (2n — 2) 0)

=
2n

n—oo

(Cacos2nd + C3sin2nb)

llIIl y2n+1
n— 00

faz 1
b1 p

w.

So, the proof is completed. i

~ A\ 2n s~ ~
Ci + <%) ( 5 cos 2nf + Cs sin 2n9)
A\ 2n+1 —~ —~
LINE (2) L4 (Cé cos 2nf + C sin 2719)
az P as”r
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Theorem 2.7. The system (3) has positive periodic solutions with prime period two which is given

by
{(ub2u><wblw><ub2u><wblw)} (50)
ai a2 a1 a2

Proof. First, we suppose that the system (3) has positive periodic solutions with prime period two
as follows:

{' ct (¢7 0) i (a’ 'llzj) ) (QS? 0) ) (a’ ,l/)) e } ) (51)
where ¢ # « and 6 # 1. From (4) and (5), we have
a bo a b1
_ _ _ % 52
=17 o0 V" 1rev T 1ta0 ‘T 1tad (52)
from which it follows that
by b1
¢ = —¢7 o = 797 (53)
ay ag
By using (52) and (53), we have
3 aq a% 3 a9 CL%
P(p)=¢"+—¢p——=0, RO)=6"+—-60——==0.
bo bo by b1

We know from Lemma 2.2 that each of the last equations has the unique real root such that ¢ =u
and 0 = w, respectively. Hence, the result follows by (53). 1

The following corollary is a straightforward result of Theorem 2.6.

Corollary 2.8. Every positive solution of the system (3) tends to its periodic solution with prime
period two which is given by (50).

We give the following numerical example to support our theoretical results.

Example 2.9. In the following Figures, we illustrate the solutions of the systems in (3) and (7)
which corresponds to the values of initial conditions x_1 = ug = 3.1, zg = v9 = 2.3, y_1 = wg = 5,
Yo = to = 3.4 and to the values of parameters a; = 13, by = 5,a2 = 7, by = 3.
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FIGURE 1. a; = 13, b1 = 5,&2 = 7, b2 =3.
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