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On the Determinants and Inverses of R—circulant Matrices with the
Biperiodic Fibonacci and Lucas Numbers
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Abstract. In this paper, we present a new generalization to compute determinants and inverses of
r—circulant matrices Q, = circ, ((S) : q1, (’;’) : Goseees ([;’) : qn) and L, = circ, ((%) L, (Z) ..., (’a—’) : l,,)
whose entries are the biperiodic Fibonacci and the biperiodic Lucas numbers, respectively. Also, we express
determinants of the matrices Q, and L, by using only the biperiodic Fibonacci and the biperiodic Lucas

numbers.

1. Introduction and Preliminaries

For n € Ny, the Fibonacci and Lucas numbers are defined by F,.» = Fy41 + F, and L2 = L4 + L, with
the initial conditions Fo = 0, F; = 1and Ly = 2, L; = 1, respectively. During the recent years, the researchers
have studied the generalizations, representations and applications of the Fibonacci and Lucas numbers
[2-7]. For example, Edson and Yayenie introduced a new generalization of Fibonacci sequence [4], {,}nen,

aqu+1 + qn, if nis even

’ 1
b%n + qn, if nis odd ()

qg=0, q=1, Qn+2={

where g, b are nonzero real numbers and 7 € INy. They also developed an extended Binet formula which is
al=¢m\ g — g"
P il el e
ablzl ) a-B

where n € Np and &(n) = n — 2[5 ]. Then, Bilgici [5] defined a new generalization of the Lucas numbers,
{ln}nen,, as

bl,.1 +1,, ifniseven
alyq +1,, ifnisodd ’

=2 h=a Iwn-= { 3)
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where g, b are nonzero real numbers and 1 € INy. Also he developed the Binet formula of this sequence as

lnz( flej)(”+ﬁ) n € Np. 4)

In equation (2) and (4), a = abt Nab? +dab W’ and § = ab= Ve bR +dab “”22b2+4“h are the roots of the characteristic equation of
x? — abx — ab = 0. Throughout this paper, we assume that a and b are positive real numbers.

Now we give some preliminaries related our study. A matrix C = [c,-]-] € M,,»(C) is called circulant
matrix if it is of the form

I [ - #
Cij = P
Cnjmis ] <1

The determinant and inverse of a nonsingular circulant matrix A = circ(ag, a1, . .., a,-1) can be given as [17]

n—1
detA = [Jg@), A =circ(bo, by, ..., bur), )

r=0

where b, = 1 y77 0 g@’)'w s, where g(x) = Y1) ad, w = exp(Z) ands = 0,1,...,n — 1. In recent years,
there have been several studies on the norms, determinants and inverses of circulant and r—circulant
matrices [9-13, 15, 16, 18, 19]. For instance, Kéme and Yazlik studied the spectral norms of r-circulant
matrices with the biperiodic Fibonacci and Lucas numbers [14]. Yazlik and Taskara presented the norms
of an r—circulant matrix with the generalized k—~Horadam numbers [15]. Shen et al. gave the determinants
and inverses of r—circulant matrices with the Fibonacci and Lucas numbers [16].

2. Determinant and inverse of r—circulant matrix with the biperiodic Fibonacci numbers

Definition 2.1. An (n X n) r—circulant matrix with biperiodic Fibonacci numbers entries is defined by

b\ b\ b\ 2 B\
o ) e (D7 o ()7
b é(n2+l) b # b @ b «_(n)
V(;) In ) M (;) 92 .- (z) Jn-1
Q b % b é(n{l) b % h e(vzz 1) 6
" 7(;) n-1 T\a n ;) q1 (a) gn-2 ©)
2 N 2
| 7(5) q2 f(;) qs3 f(;) qa .- (;) Ukt

The following theorem gives us the values of the determinant of this matrix can be expressed by using only
the biperiodic Fibonacci numbers.

£B3) &(n+1)

72
Theorem 2.2. Let n > 3. Assume that Q, = czrc,( 2—’ : ql,(z—’) 2 qz,...,(g) 2 qn) is r—circulant. Then,
&(n—k-1)

En=1) &) =2 &(n—k)
b (b)* b\’ b\ ? b (b) >
detQ, = q% - r\/;qz (E) In || 91 — (E) In+1 TZ q (E) An—-k+1 — \/;72 (o_z) An—k

k=1

b @ b k b # n—k—2
X r(;) Gn — \/;110 ql—r(a) Jn+1 , ()

where r # —b—

(E)Tqrﬁ-l
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3
Proof. 1tis clear that det Qs = g3 + 7 ( \/ng) + 123 - 3r \/gqlqz% and it satisfies the equation (7). For n > 3,

we define the matrices

1 0 0 0
b4
—r \[ w00 0
—r 0 0 0
P, = 0 0 0 0
0 0 1 —Vab
0 1 —Vab -1
and
1 0 0
&n-1) n-2
AP
S L Vi 0
n-r(4) 7 gun
O vVin)
"a In— Va4
0 |~ 0
171_”(%) 2 In+1 .
_ &(n-1) n—
R = o [ T a-Vie 0
)
L71—7(%) 2 In+1
oy
r(t 2 = g
0 (U#] 0
n=r(4) 7 gun
0 1 1
Using these matrices, we get
Sn = anan
ql 9;1 ‘Bn &(n+1)
T, () 2
0 In 41— r\/:(h(;l) &
On
where
&k=1) b e
n po ] o —
, b\ 2 r p In
=), (;) s =

k=2

,Bn—l

Vn
O
On

ﬁn—Z
Vn-1

On

On

Bs
Ve

On

Pa
Vs

On

B3
yZ

On
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&(n-1) (n k+1)
2 é(" k)
i (u) 2 i) T

3

3640

(n 1 \/’qo

n =01~ + r In—k+1 —
k=1

&(m=2;
&m=1) b b 2
b) 2 Y292\, Im-1

&n

0 - r(f;) Gt

Ym =71 P qm — 1 s form:4,5,...,n,

&6-1)

b 2z
ﬁsz(—) qS/ f0r5=3,4,~-/”/

£n+1) &)
2

b b\ 2 b
On =4[ ~q0 = r(;) qn and 6, = g1 — r(;) In+1-

It can be seen from (8) and (9) that

detP, = (-1)" 2
and

y E(nz—l) ,\/F n-2
(#] , n—1=1,2(mod 4)
detRy = 10 17(8) T

((—q\/_%] . n—1=0,3(mod 4).
n=r(%) 2 gun

Hence, for all n > 3, we obtain

n-2

é(n 1)
m = i

Z(n)

0~ r(Z) Gus1

detP, detR, = (—1)“

Since S, is an upper triangular matrix, we have

5 7 A
S L I s Ol

By using the identity
detS,, = detP, det@, detR,,

we get

E(n+1)

n-2

En+1) n—-2 p) 2 b
- b\ * b ()T 8- i
(—1)"*q19x [(F(E) Gn — \/;%]] =(-1) )

q1— V(S) ’ In+1

det@,.
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&)

If gy — r(%) * gu+1 # 0, we obtain

&n) n-2
b 2
q19n [’h - ”(E) 5]n+1]

1) &) =2, k) &)
\ﬁb (1) Sl (Y) \ﬁb
g —7r aq2 2 Gnilqr —T P n+1 r A n p In—k+1 alh p Gn—k

&n-1) k &) n—k-2
() \/3 b\
¥ p qn — 540 qi—r P In+1

det@,

Lemma 2.3. Let A = (aj;;) be the (n — 2) X (n — 2) matrix defined by

&n)
n-r(Y) T g, j=itl
o))
%= g r(8) T g =]
0,

otherwise

’

b
such that v # \/(__qf; . Then, inverse of matrix A, A~! = (al.].), can be given by
(5) 7 o

) i
)
&n-1)

a. = j-i+17
0= (Vi) 0

0, otherwise

j=i

Theorem 2.4. Let Q, = circ, ((g) : fh,(g) ? qz,...,(g) ? qn) be r—circulant (n > 3 and 0 # r € C) such that
b
r# \5/(51(1 , @ . Then
(%) 2 n (%) 2 In+1

_1 .
Q" = circ, (w1, wa, ..., wy),

where
R N PR R A )
1= — - Wy » 2 £0r1) !
N R I P Nt R (RO
v o2
Wy = —

\/Zqo_r(y)@ N g
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(7
’ n n— En—k) E(n—k+1)
G 7" q +1) 1 i(_l)n_k ? 2 ~ ? E =
sut) G190 4= q p Jn—k+1 afh p Gn—k

1) n—2
() a)

U(‘]l—T(S)é(;) q”+1)n—4(\/—q2 r( - ‘7’“2) (‘h fﬂr fﬂ%)
(\/7% r (Zl) n)nz ‘71!711(\/;‘10 r a (21) n)

(Vi) o) o b (D) g ()
+ Z D | m P ks = [ ;92\ 5 qk+2

Tgn k=2

X ’
e \K
(Vi) )

&) n—j £0n) n—j+2
(fqz 0N qn+z) (q1 —r(2)° qn+1) (q1 —r(4)” qn+1)
1) n—j+2 - £on+1) n—j+3
' (\/g%—r(g)é(zl> Lln) (\/gq()—r(g)<21) qn)
1 [ b\ b
+ vy [kZl‘(_l)n]JrkJrl (ql (E) Qn-k+1 — \/;q (E) Qn—k]

wj =(- 1)14]

£n+1) &) n—j-k o) n—j—k+2
(\/ng —7(5) ’ qn+2) (171 —7’(2) ’ 17n+1) (171 —T(S) ’ Eln+1)
n+1 n—j—k+2 B &(n+1 n—j—k+3
A N

b\ i )| B r() g
+q1(a) qj = 542(5) 7j-1 w2
(o=t )

0() 0 -Ee() " n

j—2
+ - , forj=5,6,..., n-1,

\/gqo _, (g)dn;l) 0
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- 2
b E(n+1) (b)#
2 —7|=
\/742 -r ; Gn+2 1 a n+1

(”2+1 ("z”) 37 41gn 1 P qn aﬂz P qn-1
(f%—f% ) et

. q1 (§)$ qn-1 — \/qu (S)g qn-2
2 £(r+1) ’
(‘/;QO-r . : qn) \/qu-r(g) i

3643

and

£(n-1)

b\ 2 _
qu z qn n-2

o , b é(n—zk+l) :_(n 1)
b\ 2 a2 E) In—k \/7170
In =01 — +r - Qn-k+1 — -
0 k—l p M , )
= 6]1—7’<a) In+1
n+1)
N9 — 43 +r\[ (2 * @
U=
q1Gn
Proof. Let
0 13 Uig U5 ... Ulp-1 Uln
.{(n+1)
0 1 sV T e o e & L
g" qlgn q19n q19n q19n q19n
0 1
0 1
U, =
§ 0 1 0|
0 1
0 1
where
b é(mzﬂ) b b 5(;")
Cm = —1q1 (E) Gm + r\/;qz (E) gm-1, form=4,5,...,n,
E(n+1) n+1)
b\ 2
O f AU
Uiz = — q1 —
q1 thgn
E(n—j+2) . En—j+2)
2 , £-j+3) b b 2 .
7 qn—j+3 In b 2 r \/;12 (;) dn—j+3 )
ujj = — + r|- Gn—j+a — , forj=4,5..,n,
q1 q19n a q1
é(nﬂ)
E(k+1)

gn = Z (Z) L \[qo

é(n)

q— V(Z) In+1




C. Kome. Y. Yazlik / Filomat 32:10 (2018), 3637-3650 3644

and

On—k+1 —

&n=1) E(n—k+1) k+l é(n 1)
r\/ng (5" g 2|[/p \[qz i |[7(8) T \[qo
Gn - 47 Z -
q = \? b
= q1 — 7’( ) An+1
Let H = diag(q1, g»). Then we get
PR U, =HDA,
where the matrix A is given in the Lemma 2.3 and @ denotes the direct sum. Let 7, = R, U,,. Then we have
Q' =T,(H oA ")P,.

Let
_1 .
Q" = circ,(w1, wa, - .., wy).

Since the last row of 7, is

z(n+1)
‘/qu ﬂ O S G G

0,1,1- , ’ PRy , ,
q19n q19n q919n q19n q19n

using Lemma 2.3, we can find the entries of the last row of Q;! as

b
T4/ 292
Twy = — -

&(n+1) 4
== 7y
Joro=r(®) e T
) n-3
U(ql _7’(5) 2 Qn+1) . n_3 b ;_(uz—k) b b @(71—2k+1)
+ 1(5) In—k

Z(—l)n_k q Gnt+1 — | =92 | =

&) n—k-3
(ch —r(4)” qn+1)

X (1) n—k-2
(\/gqo—r(f) 2 qn)

& n—4 n+l
ol =r®) o) (e ) (qlf%-m)
&+l n-2 n+1
(V-] MITETRD

fe1)
V(\/ng —7’(%) i Qn+2) n- b s b b &3
D (= Ge3 = A =92 | = Tk+2
4 a * a'“\a *

q19n =

) k-2
(q1 —r(Y)? qm)

X
ey (K
(\/qu—r(i;’) : qn)

wyg =(-1)"

7
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(Voo =) o)1= F ) (=) o]
1) n—j+2 - ) n—j+3
2 2
(\/g%—f(%) qn) ( ) %)
l’l—j b 5(;12—k) b b é(n—2k+1)
T .
-1 n—j+k+1 z B _ \/j b _
o sz( ) [fh(a) In—k+1 pEd b In—k

rw; =(-1)"v

+

£n+1) &) n—j—k ) n—j—k+2
(\/ng—r(f) ’ qm) (q1 —r(4)” qn+1) (q1 —r(4)” qn+1)
X vy \N—jk+2 h s \1—j—k+3
o) [t
b 22 b b P \/EQO‘/E_%"‘Y(%)# n-1
+ ql(;) qi — \/;M(E) qj-1 w2
(Vo))
b # b b @
+l11(;) i qu(”{i) i ,orj=5,6,..., n-1
o-r(2) T an
1) NV (
2 =r(8) T dwe (‘h_r(5) ‘7”“) r b\ T b (b\F
rwy, =0 + %(a) qn — qu(;) qn-1

o \2 ) \3 .
(\/qu—r(g)é(z) qn) (\/qu—r(g)(z) qn) na
y \/g% Vab - 7+ r(%)% qn-1 . Ukt (S)% qn-1— \/ng (S)é(”{l) qn-2

(o a) | oo™

£(n+1) &)

1 Vab 0- 7(%)% ns1 r(q1 (5) 7 - a(}) %—1)
“re fﬁ -7 eel) B £n+1) 2|t Snt1) ’
fo=r(3) T o (\/qu -r(8)° qn) ‘h!]n(\/g% -r(2) qn)

where
. %qz (S)sw{l) 0 n-2 b ok ng (s)é("’zm) - r(s)w‘z’l) . \/gqo k
n k=1 a n q1 — 7"(5) : In+1
and

£r+1)
mgn =i+ r\/ng (&) 7 a
B J19n

Since Q! is r—circulant, the proof is completed. [J

[
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3. Determinant and inverse of r—circulant matrix with the biperiodic Lucas numbers

Definition 3.1. An (n X n) r—circulant matrix with biperiodic Lucas numbers entries is defined by

B n G ®) s O’
&) & o) =1
O O SO R ()
En-1) &n) &) &(n-2)
L=lr(®) T b r®) L ()T h e (B b 10)

The following theorem gives us the values of the determinant of this matrix and shows that they can be
expressed by using only the biperiodic Lucas numbers.

o) o) 0)

Theorem 3.2. Let n > 3. Assume that L, = circ, ((Z’)2 ll,(f) ..., (Z) : ln) is r—circulant. Then,

a

b A T P N S | P A b\
R (e A S o) A I R
a a a a a a a

n—k-2

0V o, ()
X [r(—) ln—lo] [\/jll—r(—) l,,+1] , (11)
a a a

where r # Ty
(g) 2 ln+l

3 3
Proof. 1t is clear that det L3 = (\/gll) + 713 + 1 ( \/513) - 31’5111213 and it satisfies the equation (11). For

n > 3, we define the matrices

1 0 0 0 0 0
b
v 0 0 0 0 1
—+ 0 0 0 1 —vVab
V.= 0 0 0 0 —Vab -1 (12)
0 0 1 —vab .. 0 0
0 1 —Vab -1 .. 0 0
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and
1 0 00 ... 00
”#ll 2
0o [ b\ 5 g 00
\/Ell_r(%) 2 ln
& n-3
0 L)l("‘; 00 ... 01
‘\/Ell_r(%)L 2 Iy
£ n—4
Gn = (o . (13
o |G b ) g g 10 )

\/gll 7}’( %) 2

o

o Lo .o
r(2) 7 Ll

— o1 ... 00
( W;mw]

1

10 ... 00
By using the matrices V,, and G,, the proof can be made in a similar way as in the Theorem 2.2. [

Lemma 3.3. Let B = (bjj) be the (n — 2) X (n — 2) matrix defined by

, b &(n+1)
2
Ell_r(a) Iy, j=i+1
b:: &)
Tl —r g 21, i=j
0, otherwise

such that r # % Then, inverse of the matrix B, Bl = (b;j), can be given by
by 2

a n

&(n+1)

Hva )
by = (zo_,(g)yln)jﬂ” e

0, otherwise

& £2) &)

Theorem 3.4. Let L, = circ, ((g) : ll,(g) : lz,...,(k) 2 ln) be r—circulant (n > 3 and 0 # r € C) such that

Iy ‘/E’ 1

r# —fo—, ——mm— Then
&) 7 (8 7 b

L;l = Circr (]1[}1/ ]1112/ crcy ll)n) 4

where

n+1 ) 1)
R N T I CEIOME SO R
=—-K B - cn + £ !
B O R (S0 M I R TR O
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£+l n-3
K ( \/Ell -7 (g) 1) ln+1) . ke ) ok
Y3 = (-1 2 Z( " \/7 (—) lykr1 =1l (a) Lok
T(lo —r(i—’)Tn) ln) \/711(‘0" k=
)

i) n—4 ) E042)
K ( \/gll - 7’(%) ’ ln+1) (12 - 7’<b n+2) (\/71114 -1 \/713) (l2 - 1’(%) i l”+2)
Wy =(-1)" o2 ot -
T(Zo _ r(s)T Zn) \/gll(pn (l() - l’(%) 2 ln) \/;ll(Pn

é(n+1) k-2

n-3 . b b ‘E(kf) "(k"z) (\/711 -r n+1)
X (-1) =h|= lks — lz - ) - ,
a \a a &
(10 —r(2) ln)

n—j+2

&(n+2) (n+1 n— é(n+1)
2 2 2
(lz—i’ 7 n+2)(\/711—7’ n+1) (\/711—7’ 7 n+l)

IP] :(—1)71—]'; w —j+2 ) n—j+3
(lo—r(g) ’ zn) (zo—r(g) ’ zn)

+ Z:(—l)"_]urk+1 [\/jll (-) lyke1 =12 (‘) ln—k]
b a \a a
N
E(n+1)

£n+2) Entl) n—j—k £ n—j—k+2
(12—7’<§) : ln+2)( Zh—r(f) ’ ln+1) (\/511—7(5) : ln+1)
cw  \N—jk+2 - w  \nojk+3
(lo—r(g) ’ ln) (lo—r(§)2 ln)
b b # b @ lo\/ll_— \/511 +1’(§)é(n2_1) ln—l
+ \/jll(—) lj—lz(—) l]'_1 5
a \a a &
(zo—r(g) ’ zn)
I “h(2) T 1]
\[1 (i) b for j=5,6,...,n—1,

£m) ’
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E(n+1) 2
&E(n+2) 2
z h—r " & )
v 12—7”% Lo (\/71 +1) 1 b b\ 2 b\ 2
n == ) 3 + -L|- I, —L|- lh-1
r , =0 , =0 \/El a \a a
h-r(%)" L h-r(%)" L al1gn
&(n— 1) &(n=1) £(n-2)
lo\/ll_b— \/gll+7’(§> \/711 a : L 1—12 . o ln_z
X
o \2 ) ’
= _ (L) ?
(lo - r(f) ln) lo r(ﬂ) I
and
b ? n—k+1) b E(n;k) k
IO RIS i L(Y) 7 L (2 ) o
n = a 1= +r - ln k+1 é(,,ﬂ) ’
le k=1 %ll \/711 - 1’ ln+
0]
Yoy — (D) B+ (2) 7 L,
Ell(Pn
Proof. Let
1 (P:l U1z 14 1s H1n-1 Uin
oh
&(n)
0 1 _ \/211 + rlz(%) >l A An-1 As Ay
Pn \/gll({)n \/gll({)rz \/_ll(Pn \/Ell(Pn \/gll(Pn
0 0
Mn = 0 1 ,
0 1
1
0 1
where
b (6\ 2 b2
Am =—t \/jll (—) Ly + 1y (—) Iy, form=4,5,...,n,
a \a a
) &n)
by2 g ’ I !
a n n b ria n
SOy A O |
\/gll \/gll(Pn \/711
En-j+3) i L=j+3)
3 I o, e rl (S) ln-js3 ,
[Jlj = — r E ln,]‘+4 - ,fOI‘] = 4, N,
\/gll \/glﬂpn by
W Z(n) n—k
”T (27 L=l

&(n+1) 4

fll—r ’

n+1
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and

£(n) E(n=k) £(n) k

L(8) %1, n=2 fed L(%) 7 1, AT
P = \/gll%wkz; (Z_)) 2 k1 — 2<u) ‘ (a) -
a

r
&(n+1)
a b b AN
\/;ll \/;ll -r (;) ln+1

By using the matrix M, and given another identities, the proof can be made in a similar way as in the
Theorem 2.4. [

4. Conclusion

In recent years, circulant and r—circulant matrices have became an attractive topic in mathematics.
Several authors studied the generalizations and applications of circulant and r—circulant matrices. In this
context, our study is also a new generalization of some studies in the literature. For example, if we get
a =b =r =1, we obtain the results in [16]. If we geta = b = k and r = 1, we obtain the results in [18].
Therefore, this study contributes to the literature by providing essential information for the inverses and
determinants of r—circulant matrices with the biperiodic Fibonacci and Lucas numbers.
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