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1 Introduction

The Fibonacci and Lucas numbers arise in several areas such as mathematics, physics, computer
science and related fields. The Fibonacci and Lucas numbers are defined by the recurrence
relations, for n > 0,

F0)=0, F()=1, Fuo=F, 1+ F,, (1)

and
L(O) = 27 L(l) = 17 Ln+2 = Ln+1 + Lna (2)

respectively. For more information about the Fibonacci and Lucas numbers, we refer the readers
to book [12]. Until this time, there have been a lot of applications and generalizations of the
Fibonacci and Lucas numbers [1,5, 6,19-21]. For example, Falcon and Plaza found the general
k—Fibonacci sequence {F},}5°, by studying the recursive application of two geometrical
transformations used in the well-known 4—triangle longest-edge (4TLE) partition [6].
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Furthermore, Yayenie [19] defined the modified generalized Fibonacci sequence as

Oo=0, Q=1 O,~— {aQn1 +cQn—2 ?fn ?s even a2 3
bQp—1 4+ dQy,—o ifnisodd
where a, b, c and d are real numbers. Also he gave generating function, the generalized Binet
formula and some basic identities for (),,. By analogy to the studies [5] and [19], Bilgici [1]
defined the bi-periodic Lucas numbers and modified generalized Lucas numbers and gave
generating functions, the Binet formulas and some special identities for these sequences. He
defined the modified generalized Lucas sequence as

d+1 bU,—1 +dU,_o if niseven
Up=2"" Uy=a, U,= : 2 L n>2 @)
d alU, 1 +cU,_o ifnisodd

where a, b, ¢ and d are real numbers. The generating functions of (),, and U, are given by

s z (1 + ax — cx?)
H = n pu—
(z) ; Cn 1 —(ab+c+d)x?+ cdx? )
and
- 1 (d+1+adx— (ab+ cd + ¢) 2% + adz®
e n_ _ 6
Uz) ;Unx d( 1—(ab+c+d)x?+ cdx* ’ ©)

respectively. In addition, the Binet formulas of the sequences (),, and U, are also given by the
following formulas:

at=m (ol (o +d— )" 2l — plEl (B4 d — o) LE
(ab)*2 a—pf
and
oo W (a+d+Dal" T (a+d—o)B —(B+d+1)pl"= ) (B+d— )P ®)
T e @=F |
b+c—d+/(ab+c—d)* + dabd b+c—d—/(ab+c—d)’ + 4abd
where o = wre \/(a c=d) ¢ and g = wre \/(a ¢4 ¢ are the

roots of the polynomial z? —2(ab +c—d)z—abd =0and&(n) =n—2 fg] is the parity function
which we use throughout the paper. Note that, we also assume that A = (ab+ ¢ — d)2+4abd > 0.

The Cayley—Dickson algebras are a sequence { Ay, A1, As, . ..} of non-associative R—algebras
with involution. Every algebra Ay, is built up from the previous one A;_; with a procedure which
destroy some algebra properties. The first five Cayley—Dickson algebras are familiar: Ay = R,
A; = C, Ay = H (Quaternions), A3 = O (Octonions) and A; = S (Sedenions). The concept of
the quaternion algebra, 4—dimensional associative and a non-commutative algebra over R, was
discovered by William Rowan Hamilton in October 1843. Two months later, John Graves made
a discovery on 8—dimensional associative and a non-commutative algebra over R and called as
octonions. Quaternions and high order dimension algebras, arise in many areas especially in
mathematics, coding theory, physics, robotics, computer science, etc. In recent years, several
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researchers have studied the quaternions and their generalizations [2,7-9, 11, 13, 14, 17]. For
example, Halic1 investigated the Fibonacci and Lucas quaternions and presented their generating
functions, the Binet formulas [9]. She also derived some sums formulas for these quaternions.
Kecilioglu and Akkus defined the Fibonacci and Lucas octonions and they gave some identities
such as Catalan identity, Cassini’s identity and d’Ocagne’s identity for these octonions [11].
Bilgici et al. proposed the Fibonacci and Lucas sedenions, 16—dimensional non-associative
and non-commutative algebra over R, and then they gave some identities for these sedenions
by using the Binet formula [2]. Giil illustrated the £—Fibonacci and £—Lucas trigintaduonions,
32—dimensional non-associative and non-commutative algebra over R, and she gave some
properties of these trigintaduonions and derive relationships between them [8]. Gocen and Soykan
defined the Horadam 2*—ions, which are the generalization of the some earlier studies, and
investigated their properties [7]. Moreover, the authors defined the 2 —ions S € A, as

N-1 N-1
S = Z a;e; = ap + Z a;€;, )
i=0 i=1
where N = 2% is the dimension of Aj, ey is the unit, ey, ey, ..., en_; are imaginaries and
ag, a1, as, . ..,ay_1 are real numbers. Furthermore, for Si, S, € Ay, the multiplication of two
2% _jons are
N-1 N—1 N-1
5182 = <Z aiei> (Z bzel> = Z aibj(eiej). (10)
i=0 i=0 i,j=0

In this paper, by analogy to the earlier studies, we define a new generalization of the 2% —ions.
The rest of the paper is organized as follows. In section 2 and 3, we define the modified feneralized
Fibonacci 2* —ions and modified feneralized Lucas 2 —ions, respectively. Besides that, we give
generating functions, Binet formulas and some well-known identities for these 2¥—ions. In the
last section, we give a concise conclusion.

2 Modified generalized Fibonacci 2* —ions

In this section, by virtue of the Eq. (3), we define the modified generalized Fibonacci 2*—ions.
By the help of formal power series representation, we give the generating functions for these
2% —jons. Also, we derive the Binet formula for the modified generalized Fibonacci 2 —ions with
the help of Eq. (7).

Definition 1. For n € N, the modified generalized Fibonacci 2¥ —ions ©,, is defined by

0, = Qnti€i, (11)

1=0
where (), is the nth modified generalized Fibonacci numbers that is defined in (3).

It is clear from the following Table 1 that the modified generalized Fibonacci 2*—ions are the
generalization of many studies in the literature for the special cases of a, b, ¢, d and k.
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‘ ‘ H Modified Generalized Fibonacci 2" —ions

Fibonacci quaternions [10]

Biperiodic Fibonacci quaternions [17]

k—Fibonacci quaternions [14]

Pell quaternions [15]

Jacobsthal quaternions [16]

Fibonacci octonions [11]

Biperiodic Fibonacci octonions [22]

Pell octonions [15]

Jacobsthal octonions [4]

Fibonacci sedenions [2]

Biperiodic Fibonacci sedenions

k—Fibonacci sedenions

Pell sedenions

d |k
112
112
112
112
212
113
113
113 k—Fibonacci octonions
113
213
114
114
114
14
2|4

el N I R e L N R e T N S N R

Jacobsthal sedenions

Table 1. The modified generalized Fibonacci 2 —ions

Theorem 2.1. The generating function for the modified generalized Fibonacci 28 —ion ©,, is

_ @0 + (@1 - b@o) t+ ((1 — b)Rl(t) + (C — d)Rg(t)

1 — bt — dt? ’ (12)

G(t)

where

G (-2 Qe
- s=1 2s—1
+ Z € tl—l

=
1=0 =3
t—ct3
f(t) = 5 o
1 —(ab+d+c)t? +cdt
2
h(t) at

1 (ab+d + c) 2 + cdt*
Proof. We use formal power series representation in order to find the generating function of ©,,.
Now we define

G(t) =) Out™ =00+ 61t + > O™ (13)
m=0 m=2
Note that,
BG() =D bOut" T = b0, 1" = bty + > _ b0, 11" (14)
m=0 m=1 m=2
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and

dt*G Zd@ 2 = Zd@m o™, (15)

Since (), satisfies the recurrence relatlons Qom= anm,l +CQ2m,2 and Q.11 =0Q2,, +dQop, 1,
we obtain

(1—bt — dt*)G(t)
=09+ (01 = 0O0) t + Y (O — bO 1 — dOyy ) ™"

m=2

= O+ (0, — b)) t

a—Db)t Z Qom 1" 1+ (c — d)t? Z Q2m—2t2m2>
m=1

+ €o (
( a— b Q P 4 (e —d)t i sz—2t2m_2>
_.|_

=0+ (01 —bO)t
+eo ((a—b)tf(t)+ (c— d) t*h(t))
+e1((a=0b) (f(t) — Qut) + (c — d) th(t))

ra ((“50) 00 - Q- ) + (1) (o) - )

+ot

TeN-1 <<(ZN__2b>) (f(t) = @it — Qst® — Q5t® — -+ - — Qnoy—eyt™ 1 E)

+en-1 <<;V__;l>> (h(t) — Qat® — Qut* — Qet® — -+ — Qn_zyev_p)t" WD)
=00+ (01 —O)t + (a—b)Ry(t) + (¢ — d)Ra(t),



where

— _ L 251
Ri(t) = eotf(1) + €l (f(t) Zs;_l Qas—1t
=1
2 N-1 B |5 .
R2<t) = Z eztz_lh(t) + e h(t) Zt;:; Q25t2
1=0 1=3
f(t) = Z sz_thm—l
m=1

h(t) - Z Q2m72t2m72.
m=1
On the other hand, the modified generalized Fibonacci numbers satisfy

Qom—1 = bQam—2 + dQ2p—3
= b(aQom—3 + cQom—1) + dQopm—3
= (ab+d) Qom—3 + bcQaopm_4
= (ab+d) Qom—3 + cQam—3 — cdQapm_5
= (ab+d+ c) Qan—3 — cdQom s, (16)

and

Qom—2 = aQan—3+ cQam—4
= a(bQam—a + dQam—5) + cQam—4
(ab+ ¢) Qam—4 + adQop s
= (ab+c) Qam—1 + dQom—4 — cdQom—s
(ab+d+ ¢) Qam—4 — cdQom_g- (17)

Using (16) and (17), we obtain

(1—(ab+d+c)t® +cdt*) f(t) =t + (ab+d)t* — (ab+ d + c) t*

+ Z (Qam—1 — (ab+d+ ¢) Qa3 + cdQopm_5) 7™,

m=3

and

(1—(ab+d+c)t* +cdt*) h(t) = at® + Z (Qam—2 — (ab+ d + ¢) Qam—1 + cdQzp—¢) t*" >

m=3
Rearranging the above expressions, we get
- t—ct?
1 —(ab+d+c) 2 + cdtt

f(t)

and

at?

h(t) = .
(®) 1—(ab+d+c)t?+ cdt?
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Therefore, by using f(t), h(t), R1(t) and R»(t), we obtain the generating function of ©,, as:

_ 00+ (01 =60) t + (a—b)Ra(t) + (c — d) Ry(1)

1 — bt — dt? ) (18)

G(t)

This completes the proof. []

Now, we derive the Binet formula of the modified generalized Fibonacci 2¥—ion by the help

of the Binet formula of (),,.
Theorem 2.2. For n € Ny, the Binet formula for the modified generalized Fibonacci 2F—ion is

1 Oég(n)OzL%J (Oé + d— C)n_L%J — Bg(n)ﬁtgj (ﬂ + d— C)n_L%J

- — , 19
(ab) 2] a—p (1

where Nl
—1 E+1=E(n)) I41—€(n
a +1-€(n) 4+£(n)
Ag(n) = W(a—l—d—c)t 2 JOzL 2 Jel
1—o (ab)l™2
and Nl
1 E+1—E(n))
a
Bewy = D ez (B+d — o)t
(ab)l==2"

=0

4+1-¢&(n) I+&(n
%J I +§2( )Jel

Proof. By using the Binet formula of the modified generalized Fibonacci sequence, we can write

N-1
Ogy, = Z Qan+i€l

1=0
a (a”(a—l—d—c)"—ﬁ”(ﬁ—l—d—c)")

(ab)" a—pf
1 f(a"(a+d—c)"T' = (B+d—c)"
+ €1 (ab)n ( o — 5
a o (a+d—o)"T = gt (B4 d— )"
e (ab)"Jrl a—pf
1 atl (Oé +d— C)n+2 — 5n+1 (ﬂ +d— C>n+2
Tes (ab)n—l—l o — B
+ ..
a amt it (a+d— c)"+¥ — BT (B d — c)’”ﬁ%
+ en_2 (ab)"+¥ p—
1 T (o +d— c)"+% — ﬁ”*‘% (B+d— c)"+%
+en-1 (ab)nJr% P
Op, = (a;n an (aa+—dﬁ_ " . (eoa +ela+d—c)+e (W)
<Oé(0(+d—c)2> (aaf(a+d_c)2_2)
te3| ————— |+ +teno —
ab (&b)T
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(ab)™="

_ (az)” B (5a+_dﬁ— c) X (60& +e(f+d—c)+ey (W)
+ e3 <M> + - Feno (aﬁz_(ﬁ_i_]\fl;c);)
“ (ab) =z~

e (Ww +d- >> )
()=

I apa” (a+d—2c)" —Bf"(B+d—c)"

= 20
where .
—1e+1)
o (ab)m (O‘er—C)LHTlJOéLQJel
1=0 \ab)=2
and N
—1 e+ e
o (ab)L2] (B+d—c)l7 ! plale
1=0
Similarly, we can obtain
o _ L ama(atd-—o" - (Brd-o"" @1
2t (ab)" a—p3 ’
where N
G0
"o (ab)L'E (a+d— o)l al e
1=0
and Nl
IR () . 1
B= Y e 9= g
1=0 \a0)" 2
Combining the equations (20) and (21), we get
o 1 ool (atd—o"¥ — Gyl (B+d— ol
" (ab)'e! a—p ’
where N
1 6 1=E(n)) _e(n N
Qg(n) = - (oHrd—C)LMQ£< ) ol )Jez
&(n) (ab)LHEZ(n)J
1=0
and Nl
_ a{(l—&-l—{(n)) 1+1—£(n) 1+£&(n)
Bey = 3 ——me (BHd—o)b = 13 e O

1=0 (ab) 5

In the following theorem we derive the Catalan’s identity with the help of the Binet formula of
@, Furthermore, we give the Cassini’s identity which is the special case of the Catalan’s identity
for r = 1.
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Theorem 2.3 (Catalan’s identity). For n,r € Ny and r < n, we have the identity
O2(ntr)+¢()) O2(n—r)+£(i) — @%n—i—é(i)

(=)0
(ab)”" (@ = )’

X [ag(i)ﬂg(i) ((ab)2r+£(i)(0d)n - (ab)2r+£(i)(0d)n (g 1 d) ’”)
/8 T

d
+Be(i) ey ((ab)%“(“(cd)” — (ab)> €0 (cd) (a j: j) )] :

where ;) and Py are defined in Theorem 2.2 and i € {0, 1}.

Proof. By using the Binet formula of the modified generalized Fibonacci 2*—ion, for i = 0, we

get
@2(n+r)@2(n—r) - @gn
_ ( 1 apa™ (a+d—c)"7 = BB (B+d— c)””)

(ab)™™" a—pf
X I apa" " (at+d—o)"" = BB (B+d—c)""
(ab)™™" a—pf
(1 et atd—ot =By (Bd—e)")
(ab)" a—p
1

~(ab)r(a — B)? (O‘oﬁo (a8t d =)' (B +d—c)"

— O/LJranfr(a +d— C)n+r(5 +d— C)rhr)

+ By <a”6”(oz +d—o)"(f+d—c)"

_ an—rﬁn—l—r(a +d— c)n—r(6+ d— C)n-i—r))

= ! Q ab)?" (ed)™ — (ab)?" (cd)" atdy’
-wama_ﬁf(om<<w (ed)" — (ab) (ed) (B+d)>
+5mm(mm%«ﬂr>—wm”@@"(@if)r)>. @)

a+d
Similarly, for i = 1, we get

@2(n+r)+1 92(n—r)+1 - @gn+1

- _ ¢ a a2 ed)™ — (ab)V 2 (ed)” a+d\’
- (@yqa_ﬁy<1@(<® (ed)" — (b (e (ﬁ+d)>
+B1cn ((ab)”“(cd)" — (ab)* " (cd)™ (5 i d>r ) > . (23)

o+d
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By combining the equations (22) and (23), we obtain

@2(n+r)+§(z @2 (n—r)+£(3) @2n+§

() (= B)°
x [awﬁm (<ab>2r+€<”<cd>" - (apr ey (555 )

+5§(i)04§(i) ((ab>2r+£ (Cd) (ab)2r+£(i)(cd>n <§ ij

\/

3
SN——
—_

where o (;) and f¢(;) are defined in Theorem 2.2 and ¢ € {0, 1}. [

Corollary 2.3.1 (Cassini’s identity). For n € Ny, we have the identity

O2(n+1)+¢(1) O2(n—1)+¢(i) — @gmﬁ(i)

X [Oég(i)ﬁw') ((ab)2+§ (cd)™ — (ab)**O)(cd)" (a s 3) )

B+

+Be(i) e ) ((ab)2+£ (cd)™ — (ab)***)(cd)" (g 1 3) )] :

where ag(;) and Pey are defined in Theorem 2.2 and i € {0, 1}.

3 Modified generalized Lucas 2* —ions

In this section, we define the modified generalized Lucas 2¢—ion 1J,,. We give the generating
function, the Binet formula and some important identities for this 2% _jon. The theorems and
results in this section can be proven similar to the results in Section 2. Hence, we omit the proofs.

Definition 2. For n € N, the modified generalized Lucas 2*—ion 9, is defined by

N-1

=Y Unsier, (24)

=0

where U, is the modified generalized Lucas numbers that is defined in (4).

It is clear from the following Table 2 that the modified generalized Lucas 2*—ions are the
generalization of many studies in the literature for the special cases of a, b, ¢, d and k.
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‘ H Modified Generalized Lucas 2" —ions

Lucas quaternions [10]

Biperiodic Lucas quaternions [18]

k—Lucas quaternions [14]

Lucas octonions [11]

k—Lucas octonions

Lucas sedenions [2]

Biperiodic Lucas sedenions

d
1
1
1
1
1
1
1
1
1

k
2
2
2
3
3 Biperiodic Lucas octonions [23]
3
4
4
4

i el e e A e = R
el Bl el Bl el Rl Bl Bl E el | S

|||~ R

k—Lucas sedenions

Table 2. The modified generalized Lucas 2% —ions

Theorem 3.1. The generating function for the modified generalized Lucas 2¥—ion ¥, is
- ’19[) —|— (191 — CM90) t —|— (b — a)Rl(t) —|— (d — C)Rg(t)

L) 1 —at — ct? ’ 25)
where
N-1 L _
f) = 3ol Upsnt®™ ™!
Ri(t) = eot f(t) + Z el tll_l
=1
2 2 N-1 | 5] 9
_ _ (t) = > op @ Uggt®
Ry(t) = Z et 'h(t) — Z et* Uy + Z € tzf20
1=0 =1 1=3
at + at’
f(t> =7 2 4’
1 —(ab+d+c)t? + cdt
ht) = (ZE2) + (ab+d + 1)t* — (ab+ d + ¢) (££2) 2
B 1—(ab+d+c)t? + cdt!
Proof. Proof can be made similarly to Theorem (2.1). ]
Theorem 3.2. For n € Ny, the Binet formula for the modified generalized Lucas 2 —ion is
p 1 &y (a+d+ Dal*z ) (a4 d — )2
S (ab)L’%IJ a—f
Bl (B +d+ 1) (B +d—o)'¥
- - , (26)
where Nt
b)) 1+&(n) I+1—£(n)
Q) = —70&—{—d—0\‘ s ol le,
&(n) - (ab)LHl 2§(n)J ( )
and Vi
N — qé+€(n)) 14+£(n) I+1—£(n)
Bim) :Zw(ﬁer—c)L > gl e,
i—o (ab)t™
Proof. The proof can be made similarly to Theorem 2.2. ]
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In the following theorem we derive the Catalan’s identity with the help of the Binet formula of
U,,. Furthermore, we give the Cassini’s identity which is the special case of the Catalan’s identity
forr = 1.

Theorem 3.3 (Catalan’s identity). For n,r € Ny and r < n, we have the identity

(=)' (a+d+1)(B+d+1)
(ab)* (o — B)°

* * 2r+1-£(% n—1+&(¢ 2r+1-£(0 n—1+¢ Oé+dT
00 <(@b) LD () HHED) — ()2 1=E0) (o) HED (m)

2
Vot +£()V2(n—r)+£() — Vante(y =

X

+ Bg(z (i) <(ab)2r+1 5(1)( d)n71+£(i) _ (ab)2r+17§(i)<cd)n 1+€(0) (5 + d) )] |

a+d
where o,y and ;) are defined in Theorem 3.2 and i € {0,1}.
Proof. The proof can be made similarly to Theorem 2.3. [

Corollary 3.3.1 (Cassini’s identity). For n € Ny, we have the identity

9 D g2 ()"0 (a+d+ 1) (B+d+1)
2(n+1)+£€(3) V2(n—1)+£(4) 2n+£(i) (ab)Q (a - ﬁ)2

*x o 3—€(i n—1 3— n—1 a+d
ag(ﬁ,)ﬂgﬁ)((%) 5()(cd) +£(3) — (ab) £(4) (cd) +£(4) <6+d)>

+5g(i>azm(<ab>3-£“><cd>“—1+€< (a0 (220 jj))]

X

where o,y and B ; are defined in Theorem 3.2 and i € {0,1}.

Theorem 3.4. Let n > 1 be integer. Then the modified generalized Lucas 2F —ion satisfies the
relation

ﬂn = ®n71 + @nJrl- (27)

Proof. By considering the identity U,, = Q),,_1 + (.41, Which is given by [1, Theorem 20], we
can easily obtain the desired result. [

4 Conclusion

In this paper, we define the modified generalized Fibonacci and modified generalized Lucas
2% —ions. Moreover, we give the Catalan’s identity and Cassini’s identity. Since our study both
generalization of several studies in the literature and includes some new results, it contributes to
the literature by providing essential information on the generalization of the 2¥ —ions.
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