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Dual Split Quaternions and Chasles’
Theorem in 3-Dimensional Minkowski
Space E3
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Abstract. In 1831, Michel Chasles proved the existence of a fixed line
under a general displacement in R®. The fixed line called the screw axis
of displacement was obtained by McCharthy in [10]. The purpose of
this paper is to develop the method which is given for the pure rotation
in [14], and thus to obtain the screw axis of spatial displacement in 3-
dimensional Minkowski space. Firstly, we give a relation between dual
vectors and lines in E3, characterize the screw axis. Also, we discuss the
dual split quaternion representation of a spatial displacement.

Keywords. Chasles’ theorem, Cayley’s formula, screw motion, dual split
quaternion, dual semi orthogonal matrix.

1. Introduction

A general body motion is composed of a rotation and translation in three
dimensional spaces, briefly is called spatial displacement. In special case, the
displacement consists of a pure rotation. In 1775, existence of a fixed line
under the rotation is proved by L. Euler in 3-dimensional Euclidean space
[4]. The fixed line called the axis of rotation passes through the origin and its
direction vector is the eigen vector corresponding to the eigen value A = 1.
After the proof, how to obtain the rotation axis is the significant problem in
the world of mathematics. Until today, to solve the problem some methods
are given in Euclidean space. Most of the methods are based on Cayley’s
formula and Rodrigues’ rotation formula.

In general case, there is no fixed point under the spatial displacement
X = Az + d with the rotation matrix A, det A = 1 and translation vector
d € R3, since no inverse of the matrix A — I. In 1831, Chasles’ theorem
shows that a unique line having the same direction vector with rotation axis

*Corresponding Author.
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keeps its location before and after the displacement [3]. Each displacement
has the fixed line called the screw axis in 3-dimensional Euclidean space.
Any point on the screw axis moves along the axis and the screw axis need
not to pass through the origin. The way for obtaining the axis is discussed
by authors Bottema and Roth [2] and McCharthy [10]. Moreover, Chasles’
theorem means that a spatial displacement is defined by a rotation about a
line (screw axis) and a translation along the same line, called screw motion.

In kinematics, space motions with their invariants and characterizations
by quaternions, dual quaternions, matrices etc. have large application and
research areas. One of them, screw theory, which is the result of Chasles’
theorem is investigated largely and a good application of dual constructions
[5, 6, 7, 10, 15, 16]. Screw motion is represented by 3 x 3 dual matrices
by McCharthy [10] and Yang [16]. Also, dual forms of angle and screw axis
are obtained from the 3 x 3 dual matrix representation of screw motion by
Fischer [5] in 3-dimensional Euclidean space. In recent years, screw motion
is investigated in 3-dimensional Minkowski space by authors Ozkald1 and
Giindogan [13] and Aydogmusg, Kula and Yayli [1, 9]. In these studies, screw
motion is represented by dual split quaternions and screw axis is obtained
from Cayley’s formula.

In our previous paper [14], we showed a new method to obtain the axis
of rotation with the help of its semi skew-symmetric part in 3-dimensional
Minkowski space. The purpose of this study is to develop the method for the
general displacement and obtain the fixed line, screw axis. For implementa-
tion of the method, firstly the spatial displacement is represented by a 3 x 3
dual matrix, then the dual vector representation of screw axis is obtained ac-
cording to the type of rotation axis, spacelike or timelike vector. Afterwards,
depending on the type of rotation axis, the point on the axis is found and the
screw axis is located. Later, with the help of the dual form of screw axis, we
give dual split quaternionic representation of general displacement. Finally,
we add the conclusion to mention about advantages of the given method for
the screw axis.

2. Preliminaries

The Minkowski space is the metric space E3 = (R3, (,)), where the metric (,)
is given by
(u,v) = —uqv1 + u2v2 + ugvs (2.1)

where u = (u1,u2,u3) and v = (v1,v9,v3). And its matrix form is

-1 0 O
(u,v) = u’ 0 1 0 |vi=1uldv (2.2)
0 0 1

where the matrix ¢ is the sign matrix of Minkowski space. The non-degenerate
metric is (,) called as the Minkowski metric. The norm of the vector u is
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v/ [{u, u)|, denoted by ||u||. The Minkowski cross product of the vectors u and
v is
i gk
uxv=| u uz uz | = (uzve — U3, U3V — UIV3, U1V — UgV1). (2.3)
V1 U2 U3

Definition 1. A vector v € E$ is called
1. spacelike if (v,v) > 0 or v =0,
2. timelike if (v,v) <0,
3. lighlike if (v,v) = 0 and v # 0.

Definition 2. A 3 x 3 matrix S is called

1. semi symmetric if ST = §5§ or S = §576,
2. semi skew-symmetric if ST = —§596 or S = —6570,
3. semi orthogonal ST = §S~16 or S~! = 6576

where § is the sign matrix of Minkowski space.

(See [11].)

In 3-dimensional Minkowski space, the set of all 3 x 3 semi orthogo-
nal matrices is a lie group, denoted by O1(3,R). Also the special subset of
01(3,R) whose determinant +1 determines spatial rotations. On the other
hand, the lie algebra of O;(3,R) is the set of all 3 x 3 semi skew-symmetric
matrices, denoted by (1(3). Moreover, every 3 x 3 semi skew-symmetric ma-
trix determines a vector under the isomorphism ® that is

0 V3 —U2
S = V3 0 —V1 — (I)(S) =5" = (Ul,vg,vg)
—V2 VU1 0

(2.4)

where for any w € E}, S(w) = S? x w is satisfied.

Definition 3. Let A be a semi orthogonal matrix with determinant +1 and
d = (dy,ds,d3) is a vector in E3. The transformation X = Ax + d is called a
displacement in Minkowski space, where x € E3.

Let show characteristics of the displacement according to value of d in
two cases.

Case 1. If the vector d is zero, the displacement is composed of a pure rotation
and it fized the line called rotation axis of A. Image of any point on the
azis is itself. The easy way to find the axis is given in [14]. The axis of
rotation A is image of its semi skew-symmetric part under the isomorphism

P, P (%) . If A= A7, then the axis of rotation is a non-zero column
of the matrix A + I3.
Case 2. If the vector d is different from zero, under the displacement Ax + d

there is no fized point because A = 1 is eigen value of the matrizx A and the
inverse matriz of A — I does not exist. Although there is no fized points,
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there is a fized line called the screw axis, that has the same position in space
before and after the displacement. Any point on this line moves along on it.
Direction of the screw axis is the same as the axis of rotation A. The screw
axis does not pass over origin, unlike the rotation axis. If the point ¢ is on
the screw axis, then the parametric equation of screw axis is

L=c+ b (2.5)
where b is the axis of rotation A.

With the screw axis L, the displacement of 2 € E$ is explained from a
different perspective, called screw motion. The screw motion of = is composed
of a rotation of cx about the screw axis L and a translation d — d* along L,
where d* is the orthogonal part of d to b, see Fig.1.

N=A(x)+d=Alcx)+d-d*

/)

Screw axis (L)
Rotation axis (b)

d d-d*

FIGURE 1. Screw motion of the vector x

In this study, we give the way to find the screw axis of displacements
with using dual representations of displacements and lines. Now, let us in-
troduce dual numbers and the algebra of dual vectors in 3-dimensional Min-
kowski space.

Dual numbers have the form x + €y, where z,y € R are called the real
and dual part of the dual number, respectively. ¢ is called the dual unit which
satisfies €2 = 0. The set of dual numbers has the ring form, denoted by D.
If « =21 +ey1, B = x2 + cy2 € D, then the operations of addition and
multiplication are defined

a+f = z1+xo+e(yr +yo)
a-B = mxs+e(r1y2 + 22y1)
Any dual matrix A = [aij], aij = aij + eaj; € D is written as A=

A+ eA*, where A = [a;;] and A* = [a];] are real matrices. If A satisfies
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AT = §A=15, then it is called semi dual orthogonal matrix, where 4 is the
sign matrix of 3-dimensional Minkowski space. And the set of all semi dual
orthogonal matrix is denoted by O1(3,D). Moreover, if A = A+A* is a semi
dual orthogonal matrix where A € O;(3,R), with determinant +1, then A
represents a displacement.

The set of dual vectors is formed all pairs of vectors in E$, denoted by
D3.

D} ={z+ez*|z, 2* €E}, 2 =0}

where ¢ is the dual unit . If x is spacelike,timelike or lightlike, then the dual
vector is called spacelike,timelike or lightlike, respectively. If a = x + ex™,
B =1y +ey* € D3, the inner product of dual vectors is

<047/8>'D = <.13, y> + 5(<$7y*> + <$*,y>)
where z,7*,y,y* € E and (,) is the Minkowski inner product. Norm of the
dual vector a is |lallp = /{o, a)p. If |lal|lp = 1, & = x + ex* is called unit
dual vector and satisfies || z ||= 1 and (x,2*) = 0.

Theorem 1. [9] One-to-one correspondence exist between directed timelike or
spacelike lines of B3 and a unit dual vector w + ew* € D3.

i. If the direction vector is timelike, then the parametric equation of line
w X w* + Aw (2.6)

ii. If the direction vector is spacelike, then the parametric equation of line
(—w x w*) + Aw (2.7)

where w and w* are the direction vector and momentum of line, respec-
tively.

In 3-dimensional Minkowski space, the general displacement X = Ax+d
is represented by dual split quaternions in [9]. We give a different character-
ization for spatial displacements by dual split quaternions in the last part
of the article. Now, let us introduce dual split quaternions in E whose sign
(= —+,+).

A dual split quaternion @ is expressed of the form

Q= Ag+ Ari+ Azj + Azk

where Ag, Ay, A, A3 € D and 14, j, k are split quaternionic units which satisfy
the equations
iP=-1,5°=1 k=1

and
ij=—ji=k,jk=—-kj=—iki=—ik=j
The conjugate of Q is Q@ = Ag — A1i — Azj — Azk and norm of Q is Ng =
QQ = A2+ A? — A3 — A% If Ng = 1, then the quaternion @ is called unit
dual split quaternion.

A dual split quaternion ) has two part Sg, Vg called dual part and
vector part of the quaternion, respectively.

Q:SQ+VQ
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where Sg = Ap € D and Vg = Ayi + Ayj + Ask € D3$. Also, if Ay =
a1 +eai, Ay = as + eal and As = a3 + €aj, then

Vo =Vq+eV] = (a1,a2,a3) +(ay, a3, a3)
where Vi,V € E3.

Definition 4. [9] Let Q = Sg + Vg be a dual split quaternion and Vo =
Vy + €V be vector part of Q.

i If (V, Vy) > 0or V, =0, Vg is called spacelike dual split vector.
i, If (Vg, Vg) <0, Vg is called timelike dual split vector.
iii. If (V4, Vy) =0 and V, # 0, Vj is called lightlike dual split vector where
Ve, Vi € B3

3. On the Screw Axis of Displacement

In this section, we give a useful method to obtain the screw axis in 3-
dimensional Minkowski space. Also, to determine the position of screw axis,
a specific point on the screw axis is obtained in two ways and some important
conclusions are given about that in remark.

To determine the screw axis’ position in spatial displacement which
consist of rotation A and translation d, needed to find its direction vector
and a point on it. The direction of screw axis is the same as the axis of
rotation A. While finding the point, the equation

Ac+d* =c (3.1)

is used, where d* is projection of the translation vector d onto a plane per-
pendicular to the axis of rotation [13].

Before obtaining of the point ¢ by Cayley formula of A, we give an im-
portant theorem about Cayley’s formula in 3-dimensional Minkowski space.
In [12], it is investigated that every semi skew-symmetric matrix defines a
semi orthogonal matrix. To verify this idea we give the following theorem.

Theorem 2. Every B semi skew-symmetric matriz with (®(B),®(B)) # 1
defines a semi orthogonal matriz A as

A=(I-B)"YI+B) (3.2)

where ® is the isomorphism in (2.4). This is called the Cayley formula of
semi orthogonal matrixz A.

Proof. Let A be a 3 x 3 semi orthogonal matrix, z € E} and Ar = X. It is
known that the distance between two points is kept under the rotations.

<:L’, l‘> = <Xa X>
And it can be written in the form

(X —2,X+2)=0 (3.3)
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On the other hand,
X4+zxz=[A+Izand X —ax=[A -]z (3.4)
from the equations (3.4)
X—z=[A-I[A+I"Y(X +z) (3.5)

is obtained, where A + I is regular except for the case Az = —z.
The matrix [A — I][A + I]7! = B satisfies the property for a general
vector o = (a1, iz, avz), Bax is orthogonal to a, as specified by (3.3).

(Ba,a) = 0 (3.6)
_alzbljaj+zai+1 (Zb<i+1)ja1) =0

where the matrix B = [b;;], 1 <1i,j < 3.
To satisfy the equation (3.6) elements of B have to be

bii = 0, bij = bj1, biit1); = —bj(it1)

This means that the matrix B is a semi skew-symmetric matrix. From the
equation B = [A — I][A + I|7!, Cayley’s formula for the semi orthogonal
matrix A is obtained

A=(I-B)'I+B)or A=(I+B)(I-B)™*! (3.7)

where the inverse of I — B exist except for (®(B),®(B)) # 1, because of
det(I — B) =1 — (—b3; + b3, + b33) =1 — (®(B), ®(B)). O

In fact, in the equation (3.2), the matrix B is the semi skew-symmetric
matrix form of rotation axis of A. Now, let show that how can be obtained
the point ¢ according to the axis of rotation A with its Cayley formula.

Theorem 3. Let X = Az + d be a displacement in 3-dimensional Minkowski
space, where A is rotation with the timelike axis b and d is translation vector.
The point on the screw axis is

= % (d* - b<bxj>> (3.9)

where the vector d* is projection of the translation vector d onto a plane
perpendicular to the rotation axis b.

Proof. To find the point ¢, the equation has to be solved in (3.1). The equation
is

(I—-A)ec=d"

where I — A = —2(I — B)"!'B is written from Cayley formula of the semi
orthogonal matrix A and B is the semi skew-symmetric matrix form of the
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rotation axis b.

Be = ;(I—B)d*
bxec = %(d*—bxd*)
1/, bxd*
© 2<d } <b,b>>
where (b, d*) = (b,¢) = 0. O

Remark 1. If the rotation axis b is spacelike, there are some problems so
we can’t find formula for the point ¢ by this way. Firstly, the formula is not
obtained for || b ||= 1, because of det(I — B) = 1— || b ||? in the Cayley
formula of A. And the projection vector d* could be null when the axis b is
spacelike, then it is not certain that the point ¢ is true under the formula
(3.8) (see Example 1).

To solve these problems and give general way to find the screw axis of
displacement, firstly we obtain dual matrix form of any displacement.

Theorem 4. Any dual matriz A = A+ eA* belongs to O1(3,D) if and only if
A€ 01(3,R) and A* = DA, where D € $1(3).

Proof. We show that if A = A4 eDA € 0,(3,D), then A € O;(3,R) and
D e 01(3)
AGBATS) =1 (3.9)
A(SATS) = ABATS) + [A(BATS)(6DT6) + DA(SATS)) (3.10)
from the equality of two dual matrices in (3.9) and (3.10)
§ATS = A~ and 6D"6 = —D

So, A € 01(3,R) and D € 01(3).
On the other hand, if A = A+cA4* € 01(3,D), it is sufficient to put D =
A*A~!. Then, the expression of the displacement turns A = A +eDA. O

Now, we give following theorems to get the screw axis by using dual
matrix representation of the displacement. Thus, we obtained dual represen-
tation of the screw axis.

Theorem 5. Let X = Az + d be a displacement in 3-dimensional Minkowski
space and its dual matriz representation be A = A+ DA, the dual vector

d (%) 18 invariant under the displacement A. So the screw azis ofA 18
A Ai-1
¢(140)
e (3.11)
lo (2 Ip

where the transformation ® is the isomorphism in (2.4).

w+ ew* =
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Proof. Let the matrix S be the skew-symmetric part of A.
ASATY = A(A=p) A
_ Afgifl (3.12)
=

so the matrix $ is invariant under the product ASA~1. And under the iso-
morphism ®, (ASA™1)Y = AS?, also from the equation (3.12), ®(ASA™!) =
®(S) = SY. This shows that S¥ = & (A*TAA) is invariant under the dis-
placement A. On the other hand, the matrix S is a dual semi skew-symmetric
matrix, so under the isomorphism ® its image is a dual vector

o) =0 (A5 ) (A7) (PSP

(3.13)
where b, b* € E$. The unit dual vector

+ew* by eb”
w w =g
|0+ eb* |p

represents the screw axis of displacement A. Where the unit vector w is the
axis of rotation A. If the axis w is timelike or spacelike vector, then the point
c on the screw axis is

(3.14)

w X w" or —wx w* (3.15)

respectively. O

Let’s see that when the rotation axis is timelike, the point in (3.15)
satisfies the same equality with the point in (3.8) which is obtained from the
formula.

If a unit timelike dual vector w-+ew™ is invariant under the displacement
A= A+eDA, then

(A+eDA)(w+ ew*) = w + ew*

Aw + e(Aw* + DAw) = w + ew* (3.16)

from equality of two dual vectors in (3.16) Aw = w, so it is easily seen that
w is the axis of rotation A. Also,

Aw* + DAw = w*
(I — Ayw* = DAw = Dw
with the help of the Cayley formula of the orthogonal matrix A, I — A =

—2(I — W)~'W, where the semi skew-symmetric matrix W is the image of
unit timelike vector w under the isomorphism ®.

(3.17)

W(w') = 3 [(I—W)Du]
wxw' = —% [d x w+ (w, w)d — (w, d)w]
w*:}[wx(dxw)—kdxw] (3.18)

2
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On the other hand, the projection of d onto the plane which is perpendicular
to the rotation axis w is the vector d*,then the equation of d* is

d* =d+ (d,wyw

so, d* X w = d X w and the equation (3.18) turns
* 1 * *
w* = §(d +d* x w)

The point ¢ is

c =wxw*
s0, two expressions of the point ¢, (3.8) and (3.19) are equal.

If the dual matrix form of displacement Ais equal its inverse matrix,
then the theorem 5 does not work for finding the screw axis of displacement.
So, we give the following theorem to get the axis for this condition.

Theorem 6. Let A= A+eDA be a displacement in 3-dimensional Minkowski
space. If A = A1, then the non-zero column of the matriz A+ I is the screw
axis of the displacement.

Proof. If A is a dual semi orthogonal matrix which satisfies A= A1, then
A2 =1 A(A+1)=A+1 so A+ is invariant under the displacement A.
So, columns of A+ 1 are fixed under the displacement A. On the other hand,
rank(A—1T)+rank(A+1I) = 3 and rank(A—1I) = 2 so rank(A+1) =1 [g].
Thus, there is a non-zero column of A and the non-zero column is the screw
axis of A. (]

5 3 3 5
Z+Z€ Z—'—ZE —&

Example 1. If the displacement is A = A+eDA = % + gzz % + %8 — |,
Ste ze 1
5 3
110
where its rotation part is A = % % 0 | and matrix form of translation
0 01
0 1 -1
vector d = (1,1,1) is D = 1 0 —1 |]. The axis of rotation A is
-1 1 0

A—AT
b=2 (T) = (0,0, %)
Firstly, we use the formula (3.8) to find the point ¢

3= oo
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where the vector d* = (1,1,0) is the orthogonal part of d to b. But the point
¢ = (0,0,0) does not satisfy the equation in (3.1). On the other hand, with
the help of theorem 5 it can be solved. The screw axis of displacement is

(3,303 + )
||( 74574"’ E)HD

w = (0,0,1) is the unit spacelike direction vector of displacement, so the

wHew" = = (g,g,1)

point on the axis ¢ = —w x w* = (=1, —1,0) satisfies the equation (3.1).
—1 0 0
Example 2. If a displacement A= 0 % - % % + % , whose
o H+k Ak
-1 0 0
rotation part is A = 0 % % and translation vector is d = (1,0, 0)

satisfies A = /1_1, then the screw axis is the non-zero column of the matrix
A+1.

0 0 0
N 1 1
0 L_FL L_FL
V2 2 V2 V2

jan)
jan}
[an}

|0 VEHI- (VI (L4 ) oy

0 [V2+1-(vV2+2)(1- 2 ﬁ) 1- L+ =

+
so the screw axis of A is unit form of the vector (

1 1— 1
wHewt = ————— [ 0,1+ f £,V2 —
4— 92

1 V2-1
" Va—2v2' Vi—2v2

where the direction vector w = ( is spacelike, the point

on the screw axis is (%, 0, 0).

4. Dual Split Quaternion Representation

In this section, we show that a spatial displacement with the screw axis L is
represented by dual split quaternions. Also the dual matrix form of displace-
ment is characterized by dual and vector parts of the dual split quaternion
which represents the displacement.
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To show the displacement representation, firstly we define an isomor-
phism between 3- dimensional dual vector space D3 and {1(3) which is the
vector space of 3 x 3 semi skew-symmetric matrices .

v ]D)‘% — <>1(3)

0 Ls —Lo (4.1)
L= (Ll,L27L3) — \I/(L) = L3 0 —L1 ’
—Ly Ly 0

Let @ = Sg + Vg be a dual split quaternion with the dual part Sg =
Ag € D and the vector part Vg = Ayi+ Azj+ Ask € DI where Ag = ag+eaj,
Al =a1 +eaf, Ay = az +¢al, and A3 = a3 + €aj.
i. If Vg # 0 is a spacelike dual vector, then the dual split quaternion @
is written as
¢

() = cosh % + sinh §L (4.2)

¢ : ¢ _ A2 2 2 _ Ali+Axj+ A3k
where cosh§ = Ag, sinh§ = /-A{+ A5+ A5 and L = ataar

*

(L, LYyp = 1. The angle % = & + &% is a dual angle where £ = arccosh(ao)

*

%)
and 5

The unit dual split quaternion Q = cosh% + sinh %L represent a dis-
placement as

D =I5 +sinh ¢[L] 4+ (=1 + cosh ¢)[L]? (4.3)
where ¢ = p+ep* is the dual angle, ¢ is the angle of displacement’s rotation
part and [L] = ¥(L), L is the unit dual vector form of screw axis [9].

On the other hand, the dual and vector parts of ) are Sg = cosh% and
Vg = sinh %L, respectively. So,

sinh¢[L] = 2sinh g cosh g[L] = 25¢[Vo] (4.4)

(=14 cosh¢)[L]? = 2sinh? %[L]2 =2[Vp]?
From (4.4), the equation of the displacement is obtained in terms of the dual
split quaternion @, as
D = I3 + 2Sg[Vo] + 2[Vg)? (4.5)

where [Vg] is the image of Vi under the isomorphism V.
1. If Vg is a timelike dual vector, then the dual split quaternion @ is
written as

Q= cosg + sin gL (4.6)

_ 6 _ Ayt AsjtAsk _

where cos £ = Ay, sin$ = /A? — A} — AZ and L = ﬁfgﬂ:g, (L,L)p =
—1. The angle % = £+ 5“"2* is a dual angle where ¥ = arccos(ag) and

x
o _—%

2T e
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The unit dual split quaternion ) = cos g + sin %L represent a displace-
ment as

D = I3 +sin ¢[L] + (1 — cos ¢)[L]? (4.7
where ¢ = p+e¢™ is the dual angle, ¢ is the angle of displacement’s rotation
part and [L] = (L), L is the unit dual vector form of screw axis [9)].

From the equations sin ¢[L] = 25¢[Vg] and (1 —cos @)[L]? = 2[Vg]?, the
equation of the displacement is obtained in terms of the dual split quaternion
Q as

D = I3+ 2Sg[Vo] + 2[Vg)? (4.8)

where [V] is the image of Vi under the isomorphism U.

5. Conclusion

Searching of the properties which are invariant under displacement is a sig-
nificant and efficient area in kinematics, especially the screw axis which is
fixed line under a displacement. Existence of the screw axis was proved by
M. Chasles in 1831 and today, many articles are created to find it. Most of
them are based on Cayley’s rotation formula. But, we show that the formula
is not enough to obtain the screw axis in 3-dimensional Minkowski space. On
the other hand, by the method which is given in this study the screw axis
is obtained in all cases. Moreover, the method gives directly the equation of
screw axis with its dual representation. With the help of the dual representa-
tion of screw axis, its direction vector and position point are found directly,
too.

Chasles’ theorem says that a displacement can be described as a pure
rotation around the screw axis plus a translation along the same axis. In this
regard, displacements are similar to dual split quaternions in 3-dimensional
Minkowski space. So, an important advantage of the dual characterization
of screw axis is seen when giving dual split quaternionic representation for
any displacement. Thus, we obtain a good relationship between general rigid
body motion group and the lie group of dual split quaternions which is a
useful material in CAD and animation systems, robotics, navigation, hand-
eye calibration, etc.
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