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CONVOLUTION IDENTITIES INVOLVING THE CENTRAL BINOMIAL
COEFFICIENTS AND CATALAN NUMBERS

NECDET BATIR, HAKAN KUCUK AND SEZER SORGUN*

ABSTRACT. We generalize some convolution identities due to Witula and Qi et al. involving the central
binomial coefficients and Catalan numbers. Our formula allows us to establish many new identities
involving these important quantities and recovers some known identities in the literature. Also, we

give new proofs of Shapiro’s Catalan convolution and a famous identity of Hajés.

1. Introduction

The central binomial coefficient B, and Catalan number C, are defined by

Bn:<2n> and O — 1 <2n>’
n n+1\n

respectively. These numbers appear in the series expansions of some elementary functions.

example, we have

B x2n+1
arcsinz = 47171271, lz| < 1,
n=0 ( n+ )
and
1 < (22)%
N2
e <1
(arcsin ) 5 Z 2B, || ;
n=1
see [7].
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In the literature, there exists many series representations for some important mathematical con-

stants which involve B,, and C,,. As examples, we have

i (42n+5)B) 16
46n o
n=0

This is due to Ramanujan; see [7, p. 188]. The representation

5 © (—1)r1
®=53 g

which played a key role in the celebrated proof of irrationality of ((3) by Apéry [4]. The central bino-
mial coefficients and Catalan numbers have been investigated by many authors in a various directions.
Elezovié [14] presents several asymptotic expansions for them. Qi et al. [23, Section 4.2], and Mansour

and Sun [18] obtained the following elegant integral representations, respectively.

B _1/°° dx
"n o (224 1/4)n 17

1
and C), = (—1)"+122"+1/ Popii(z — 1)de,
0

where P, are the classical Legendre’s polynomials. The central binomial coefficients and Catalan
numbers have important applications in combinatorial theory, graph theory, and statistics (see [1,
6, 26]). For basic properties, generalizations and modular properties of these numbers we refer to
8,9, 11, 17, 22, 23, 24, 27]. The work in this paper is motivated by some recent works on convolution
identities involving B, and C,,. Witula et al. [31] proved the identity

n

' £~ 2k +1  (2n+1)B,’

Alzer and Nagy [2] studied some identities related to (1.1) and they proved the following convolution

identity:
> (=1)*Bi(Bp_g — Crp) = (-1)" <2Bn+1 - 2"3[(n+1)/2]> )
k=0

where [.] is the greatest integer function. Qi et al. [21] provided two new proofs of identity (1.1)
along with some possibly new convolution identities for B, and C,. The first aim of this paper is to

generalize the identity (1.1) and to prove, for any a € R, which is not zero and a negative integer,

"~ BB A"T(a)I(n+a+1/2)
k+a T(n+a+1)T(a+1/2)

k=0

The particular value a = 3 leads to (1.1). Taking different values for a, we obtain [21, Eq. (4.1)] and
some others given in [2]. Also, we can differentiate it with respect to a, and in this way, we may derive

many new interesting identities.
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The following elegant identity has attracted the attention of many mathematicians.

n
(1.2) > CopCan_sp = 4"Ch.
k=0
In 2002, Shapiro [16, p. 23] observed that it can be easily proved by the generating function method.
Andrews [3] formulated a g-analogue of (1.2), and he offered a combinatorial proof of the identity.
Nagy [19] also gave a combinatorial proof of it. Hajnal and Nagy [19] have presented a bijective proof
of this identity. Our second aim is to give a new and different proof of identity (1.2), based on the
Wilf-Zeilberger algorithm.
In 1983, Sved [30] possed the following identity as a problem

n
(1.3) ZBan_k = 4"
k=0

and requested a combinatorial solution. In the literature, many different types of proofs of this identity
appeared [5, 10, 12, 15]. In [29] Sved recounts the story of this identity and its combinatorial proofs.
In [13] the authors gave the first bijective proof of it. Our final aim in this paper is to provide a new
proof of this identity by using the W .Z-method. As it is well known the classical gamma function is
defined by I'(z) = [ t*"'e~'dt (x > 0). The Legendre’s duplication formula for the gamma function
states that

(1.4) F<n~|—1) = (2”)!\/7?, n € NU{0}.

2] 22np)

The digamma function 1 is defined by the logarithmic derivative of the gamma function, that is,

P(x) = 1;,((;)). In the literature, the function v’ is known to be trigamma function. For m,n € N the

generalized harmonic number Hém) of order m is defined by
(1.5) H(™ :zn:i.
" k=1 k™

H(()m) =0 and HS) = H,, is the familiar harmonic number H,, = 1 + % + % + -+ % The digamma

and tetragamma functions, and the harmonic numbers are related with

(1.6) Y(n+1)=—y+ Hp,
and
(1.7) (1) = ¢ (n+1) = HP (neN),

where v = nh_}II;o > oheq (% —1ogn) = 0.57721--- is the FEuler-Mascheroni constant. The following

duplication formula is valid for the digamma function:

(1.8) Y <n + ;) =2¢(2n) —¢Y(n) —2log2 = 2Hy, — H, — 2log2 — 7;
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see [25]. We shall frequently use the following generalized binomial coefficient

s\ I'(s+1)
(t) ST+ DI(s—t+1)

where ¢ and s are real numbers which are not negative integers, and t < s.

2. The Wilf-Zeilberger Method

In this section, we recall briefly the Wilf-Zeilberger method (WZ-method). A discrete function
A(n, k) is hypergeometric if both
Aln+ 1,k Aln,k+1
(A(n, k) ! nd (A(n, ) |
are rational functions in both n and k. A pair (F, G) of hypergeometric functions is said to be a W2 —
pair (Wilf-Zeilberger pair) if for n = 0,1,2,... and for all k € Z, they satisfy

(2.1) Fn+1,k)— F(n,k) =Gn,k+1) — G(n, k).

In this case, Wilf and Zeilberger [20, Chapter 7] and [30] proved that there exists a rational function
C(n, k) such that

G(n, k) =C(n,k)F(n,k).
They called C(n, k) as certificate of the pair (F,G). Summing on n > 0 both sides of (2.1), one gets

> {G(n,k+1) = G(n,k)} => {F(n+1,k) — F(n,k)}
n=0 n=0

(2.2) = lim F(n,k) — F(0,k).

n—oo
In most applications, it is usually very easy to evaluate F'(0,k) and lim, o F'(n,k). So, taking
particular values for k£ in (2.2), we can obtain many identities. We can also sum both sides of (2.1)

over k’s and in this case we get
k=0 k=0

= lim G(n,k) — G(n,0).

k—o0

If G(n,0) = 0 and limg_,o, G(n, k) = 0, we get

i{F(n F1Lk) - Fin, k)Y =0(n=0,1,2,3,...),
k=0

which implies that >~ F(n, k) is a constant. Let us say Y .-, F(n,k) = C. Usually, it is very
easy to evaluate this constant by choosing a particular value for £ (usually & = 0), in other cases,
we evaluate it by taking the limit as k — oo. It is worthy to note that for a given hypergeometric
function F'(n, k) the package EKHAD based on MAPLE [20, 30] allows us to find a rational function
G(n, k) (if there exists) such that (F,G) is a WZ — pair. Now let’s briefly give how to get WZ-pair

in EKHAD. Suppose F(n, k) is given summand for which one is interested in getting a recurrence for

http://dx.doi.org/10.22108/toc.2021.127505.1821


http://dx.doi.org/10.22108/toc.2021.127505.1821

Trans. Comb. 10 no. 4 (2021) 225-238 N. Batir, H. Kii¢iik and S. Sorgun 229

f(n) =), F(n, k). Then make a call for ct(F'(n, k), v, k, n, N), where r is the order of the recurrence.
If the output of ct (creative telescoping algorithm) gives {N -1,C(n, k)} for r = 1, then we get G(n, k)
which is WZ-pair of F(n, k) such that G(n, k) = F(n,k)C(n, k). We also refer the interested readers
to [20] and [30] for more information about the W Z- method.

Now we are ready to present our main results.

3. Main Results

Theorem 3.1. Let a be any real number, which is not zero and a negative integer. Then we have

" BB, A"T(a)T(n+a+1/2)
k+a T(n+a+1)T(a+1/2)

(3.1)
k=0

Proof. We prove by the W2 method. Let n and k£ be non-negative integers with k¥ < n. Consider the

following discrete function.

(n+2a0)I'(k+1/2)I'(n—k+1/2)I'(n+a+ 1)I'(a+1/2)
2r(k+a)(n—k+a)l(a)T(k+1)I'(n—k+1I'(n+a+1/2)

The package EKHAD [20, 30] allows us to find the rational function G, where

Bn+2a—2k+3)T'(n—k+3/2)I'(n+a+1)I'(k+1/2)I'(a+1/2)
2rin—k+a+1)(n+ DIk (a)l'(n+a+3/2)I'(n—k+2)

(k € Z and n € NU{0}), such that (F,G) is a WZ-pair. That is,

(3.2) Fn,k) =

(3.3)  Gnk)=—

(3.4) Fn+1,k)— F(n,k) =G(n,k+1) — G(n,k).
By replacing n by k, and k by j in (3.4), we obtain
F(k+1,j) = F(k,j) = G(k,j +1) = G(k, ).

Summing both sides of this equation from j =0 to j = k + 1, we deduce

k+1
> F(k+1,5) ZFk] F(k,k+1)

k+1
_Z (k,j+1)—G(k, 7)) = Gk, k+2) — G(k,0).

Note that G(k,k + 2) = G(k,0) = 0 and F(k,k + 1) = 0 by identities in (3.2) and (3.3), thus, we get

k+1

k
S F(k+1,5) =) F(k,j)=0.
j=0 J=0

Summing both sides from k =0 to k = n — 1, we conclude that

n—1 [k+1

k
Do D Fk+ 1) =Y F(k.j)
k=0 \ j=0 Jj=0
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This is a telescopic sum. We therefore have

> F(n,j) - F(0,0) =0.
§=0

But since F(0,0) = 1 this gives
n
F(n,k) =1
k=0
or

n

I'(k+1/2)T'(n—k+1/2)
kE+a)(n—k+a)l(k+1)T'(n—k+1)
B 2l (a)l(n+a+1/2)
 (n+20)T(n+a+ Dl (a+1/2)

i

From this identity, by (1.4), we arrive at

(3.5) ByBny  _  2"T(@)l(n+a+1/2)
' o (k+a)(n—k+a) (n+2a)l(n+a+)(a+1/2)

Since

1 1 Lo
(k+a)(n—k+a) n+2a\k+a n—k+a)’
we deduce from (3.5)

n

By B,k 1 <~ ByBn_y 1 i By B,k

k+a)(n—k+a):n—|—2ak_0 k+a n+2ei=n—k+a

2 <~ BiBn_&
n+2ak:0 k+a

o

(3.6) -

From (3.5) and (3.6) we arrive at

n

Z ByBn_,  4"T(a)l(n+a+1/2)
k+a T(n+a+1)l(a+1/2)

k=0

which is the desired result.
Differentiating both sides of (3.1) with respect to a, we have the following corollary.

Corollary 3.2. Forn=0,1,2,... we have

n

S Bebok _ 4T (a)D(n +a +1/2)
(k+a)? I'n+a+1)(a+1/2)

k=0
(3.7) X (Y(a)+vY(n+a+1/2) —¢(n+a+1)—¢(a+1/2)),

where 1 is the digamma function.

We present now a new proof of the elegant convolution formula (given in (1.2)) of Shapiro.
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Theorem 3.3. Let n be a non-negative integer. Then

(3.8) Z CoCon—or = 4"Ch.
k=0

Proof. Let n and k be non-negative integers with £ < n, and

P2k +1/2)I'2n —2k+1/2)I'(n + 2)

VAL (2k +2)T'(2n — 2k + 2)T'(n + 1/2)°

Then the Mapple package EKHAD [20, 30] allows to find its WZ-pair

2k —=3n—4)I'(n+ HI'(2n — 2k + 5/2)I'(2k + 1/2)
4/7L(2k)T(n + 5/2)0'(2n — 2k + 4)

A(n, k) =

B(n,k) =
such that
(3.9) An+1,k) — A(n,k) = B(n,k+ 1) — B(n,k), (k=0,1,2,... (k<n)).
By replacing n by k, and &k by j in (3.9) we get
(3.10) A(k+1,5) — A(k,j) = B(k,j+ 1) — B(k, j).

Summing both sides of (3.10) from j =0 to j = k+ 1, we get

k+1 k+1 k+1

S Ak +1,5) ZAkJ = (B(k.j+1) = Bk, ).

j=0 j=0
The right-hand side is a telescoping sum, therefore this can be rewritten as follows:
k+1 k
S A(k+1,5) = > A(k,j) — A(k, k +1) = B(k, k +2) — B(k,0).
— =
But since A(k,k+ 1) =0, B(k,k+2) =0, and B(k,0) =0, it follows that

k+1

k
S Ak +1,5) = > A(k,j) =0.
=0 =0

Summing both sides from &k =0 to k =n — 1 yields

— k+1

k
Z (ZA(k +10) = L A)) =
j=0 Jj=0
which is a telescoping sum again. We therefore have
> A(n, j) — A(0,0) =0,
j=0

But since A(0,0) = 1, this leads to

i A(n, k) = 1.
k=0

If we use (1.4), after some simple computations, we see that this is equivalent to (3.8). O

http://dx.doi.org/10.22108/toc.2021.127505.1821
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Theorem 3.4. Let n be a non-negative integer. Then

(3.11) ZBan k=

Proof. We define the discrete function

1T(n—k+1/2)I'(k+1/2)

T T'(k+1)I'(n—k+1)

The package EKHAD [20, 30] allows us to find

1 Cn—=2k+1)I'(n—k+1/2)T'(k+1/2)
o (n+1)I'E+ 1) (n—k+2) ’

P(n,k) =

Q(n, k) =

such that
(n+1)(P(n,k) — P(n+1,k)) = Q(n,k+1) — Q(n, k).

The replacement n — k and k — j leads to

. 1 . .
P(k,j) = P(k+1,5)s = .= (Qk,j + 1) — Q(k, 7).
We now sum both sides from j =0 to j = k + 1 and we get
k+1 k+1
D (Phj) = P(k+1,7)) = =5 > (Q(k,j +1) = Q(k j)
5=0 j=0
~ Qk,k+2) - Q(k,0)
B k+1 '
Since Q(k,k +2) =0 and Q(k,0) = 0 we have
k+1 k+1
Y Plk,j) =Y P(k+1,5)=0
j=0 j=0
or
k+1 k
> P(k+1,5) =Y P(k,j) - P(k,k+1)=0.
j=0 j=0
But since P(k,k+ 1) = 0, this becomes
k+1 k
> Plk+1,5) =) P(k,j)=0.
7=0

Summing both sides of this equation from k£ = 0 to k = n — 1 one gets

n—1 [k+1 k
Do 2P+ 15) =Y Pkj) | =0,
k=0 \j=0 Jj=0

which is a telescopic sum, and therefore we get
(3.12) > P(n,k) = P(0,0) =
k=0

http://dx.doi.org/10.22108/toc.2021.127505.1821
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Using (1.4), we can rewrite P as follows
1 (2k\ (2n — 2k
P N
- )
which, by (3.12), leads to (3.11). O

In the last section we present some applications of our main results.

4. Applications

This section is devoted to the applications of our main results. Taking particular values for a in

(3.1) we may obtain many convolution identities for B,, and C,,. Our first identity recovers (1.1).

Identity 4.1. Let n be a non-negative integer. Then

n

Z Ban_k o 1677,
2k+1  (2n+1)B,’

k=0

Proof. The proof follows from Theorem 3.1 with a = 1/2 by (1.4). O
Identity 4.2. Letting a =1 in Theorem 3.1 we get

- 1

Z CyBp i = §Bn+1~

k=0
Identity 4.3. Forn=0,1,2,... we have

n
> CiCug = Csa.

k=0

Proof. Since

1 1 1 N 1
(k+1)(n—k+1) n+2\k+1 n-k+1)’

we get
n n
BBk
D CiCui =)
— — (k+1)(n—k+1)
- 2 ( " BanIk +Zn: Bkin_k1>
nre\im fT oo PR
2 (BB,
n+2 prd k+1
from which the proof follows by (3.1) with a = 1. O

Identity 4.4. Forn=1,2,... we have

n

BiB,,_
PP o " — 9(Hy, — Hy)Bn,
k=1

where H,, are the usual harmonic numbers.

http://dx.doi.org/10.22108/toc.2021.127505.1821
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Proof. Taking the first term of the left-hand side of (3.1) to the right and then letting a — 0, the
conclusion follows by L’ Hospital rule, the duplication formula (1.4) and (1.6). O

Identity 4.5. Let n be a non-negative integer. Then

> DTt =, (2m) — HP)  o(H, ~ ).
k=1

where HT(L2) are the generalized harmonic numbers as defined by (1.5).

Proof. Taking the first term of the sum (3.7) to the right, and then simplifying the result, and finally
letting a — 0, we get

= — l1m

k2 a—0 I'(n+a+1)(a+1/2)a?

i BB, _} . AT (a+ DI (n+a+1/2)G(a) —T(n+a+1I'(a+1/2)B
k=1

Here
Gla)=ap(a+1)—1+a(n+a+1/2) —ap(n+a+1) —ap(a+1/2).

Using L’Hospital rule, and taking into account the duplication formula (1.4), and the formulas (1.6),
(1.7) and (1.8), we can easily evaluate this limit and we see that it is equal to the right-hand side of

the statement of Identity4.5. But since it requires lengthy calculations we omit the details. (|

Identity 4.6. Let n be a non-negative integer. Then

QTL(HQn — Hn)

S Gk g, [2H§33 = HYZ) = 2(Hy — Hap)? = == 2
n

k2
k=1

N n3+2n2+3n}
(n+2)(n+1)2

Proof. We have

Ckan BB,k
k:zl Zk:Qk—l-l (n—k+1)

By partial fraction decomposition we have
1 B 1 _ n n 1
Ek+1n—k+1) kMm+1) kn+1)2 (k+1)(n+2)
1
(n+1)2(n+2)(n—k+1)

+

Summing both sides of this equation from k& = 1 to k = n, after some manipulations we get

i Cr.Ch—k _ 1 i BB, n?+2n+ 2 " BB,

2 2 2
= k n+li~ ok (n+1) (n+2)k:0 E+1

B n i BiBp-k (n? +n+1)B,
(n+1)2 k (n+1)3

http://dx.doi.org/10.22108/toc.2021.127505.1821
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By Identity 4.1, Identity 4.2 and setting a = 1 in Theorem 3.1, after some simplifications, we get

“~ ChCrie (2) 9 n® +2n2 + 3n
ZEneh o 28 — HP — 2(H,, — Hop)?
D St = o) - it = o+ G,

QTL(HQn — Hn>
n+1 '

0

Identity 4.7. Let n be a non-negative integer. If we substitute a = 1/2 in Corollary 3.2 and use (1.4)
and (1.8), we get

c (2k+1)  (2n+1)B,

(41) Z Banfk 16 (H2n+1 - Hn)

Identity 4.8. Form =0,1,2,... and any integer n with n > m we have

En: BB, _0
2k —2m — 1 ’
k=0

Proof. If we substitute a = —m — 3 (m € N) in (3.1) the proof follows. O

Identity 4.9. Let n be a non-negative integer. If we substitute a = m € N in Theorem 3.1, we get

n 2m+2n
Ban—k 2( m+n ) 1
(4.2) > = Hypn + Hop — Hyy — Homgon + 5— | -
— (k+m) m( n’;‘) 2m
Identity 4.10. Forn =0,1,2,... we have
" Gk (n+20)2n+1)Cy
— kE+a (n+2)(n+a+1)(a—1)
4"Ia)'(n+a+1/2)
(a—1)I'(n+a+2)'(a+1/2)
Proof. By partial fraction decomposition we get
~ CpCni _ By B,
= k+a k—i—a JE+1)(n—k+1)
1 ( 1 = ByByi 1 z": BB, _j
n+2 a—lk:O k+1 a—lkzon—k—i—l
BiBnk 1§~ BB
4.3
(4.3) n—|—a+1z k+a n—|—a—1—1zn—k¢+1

Clearly we have

zn: BB,k _ " BB
:On—k:-i-l — k+1
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Using this in (4.3), we get

ZCkan_ 1
E+a (n+2)(n+a+1)(a—1)

"< By, B, —
x((n+2a) %—(n—i—%

"\ BB,y )
k=0 k=0

k+a
Now the conclusion follows from Theorem 3.1. O
Identity 4.11. Forn =0,1,2,... we have

" ByCr 1 47T (a)T(n +a + 1/2) B
k+a nt+a+1\T(n+a+1)l(a+1/2) il

k=0
Proof. Note that
BiCnk _ By By, _ 1 BipB,_r = BpB,_i
k+a (k+a)n—k+1) n+a+1\ k+a n—k+1)’
Hence, summing both sides one gets
zn: BiCrk _ 1 zn: BBk . i BBk
Pt k+a nta+1\i— k+a k:On—k‘—l-l

1 "~ BiBn— | x~ BrBn_y
T htati\Z kta & kil )
n a k=0 k=0

The proof now follows from Theorem 3.1. U

Identity 4.12. Let n be a non-negative integer. Then we have

zn: By(Bn-k = Cn-k) _ nBni1

— n—k+2 6(n+2)
Proof. The following rearrangement is valid

En: By(Bn—k — Cnt)  ~=BiBut ~= BniCj

(4.4) = — .
n—=k+2 = k42 = k+2

k=0
From the definitions and partial fraction decomposition we find

n n
B, _Cy BB, Bk:Bn k BB,
kz;) k+2 Z (E+2)(k+1) Z Z k+2
Thus, using (4.4), we obtain
Zn: Bi(Bp—r — Cr—k) "< BB, ko "\ ByBy_

Pt n—k+2 Pt k+2 Pt kE+1

(4.5)

From Theorem 3.1 with a = 2 we get

"\ BB, 2n+3

E+2  6(n+2)

n+1-
k=0

Substituting this in (4.5), and using Theorem 3.1 for a = 1, the conclusion follows immediately. [
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Remark 4.13. Identity 4.12 recovers in [2, Theorem 4].

Identity 4.14. Let n be a non-negative integer. Letting a = 1 in Identity 4.11 we get

- BkCnfk _ Bn+1
k+1 n+2

k=0

Remark 4.15. Using our results given here it is possible to evaluate all the following sums:

"~ BBy "\ BBy "\ CrCri "~ Cy,Ch
IS 7’ 77 d T
; K kzzo k +a)™ kzzl &+am " ; km

but when m is large lengthy computations are required.
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